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A STUDY IN PSYCHODYNAMICS 


Presidential Address Given at the Psychometric Society Meeting, Ohio State 
University, Columbus, Ohio, September 7, 1938 


J. P. GUILFORD 
University of Nebraska 


In seeking a suitable topic for the address at this annual event of 
the psychometricians, I tried to keep in mind the motto of our official 
publication, Psychometrika, to promote “the development of psychol- 
ogy as a quantitative, rational science.” The best that I have been able 
to do falls short of this ideal in two important respects. Although the 
material that I am to bring before you pretends to be quantitative, in 
the sense that measurements have been made, the problem has not been 
rationalized and the data have thus far yielded only to graphical treat- 
ment. It is only because the data in this form hold out some promise 
of future rationalization that may be important, that I am justified in 
taking up your time with them at all. And because they serve to 
illustrate a type of quantitative approach that I believe to be very im- 
portant and a kind of problem that quantitative psychology has thus 
far failed to take seriously, I feel that their presentation here is ap- 
propriate. I can only apologize for the incomplete cultivation of the 
problem, realizing that the pursuit of any problem is never quite 
finished. 

The problem I prefer to classify as belonging to the general field 
of psychodynamics, as contrasted with that better-known field of psy- 
chophysics. Most quantitative problems, if not all, fall within one or 
the other of those two categories. In a psychophysical problem we 
relate measurements made on some psychological continuum to meas- 
urements made on some corresponding physical continuum. In a prob- 
lem in psychodynamics we relate two sets of measurements both made 
on certain psychological continua. 

Our preoccupation with stimulus-response psychology has kept be- 
fore us the more obvious psychophysical problems. Since we are in- 
clined to think of stimuli as causes and of responses as effects, this has 
seemed the most natural thing to do. The mathematical relationships 
arising from such measurements have been justified again and again 
by their illuminating and practical values. Illustrations of this type 
of relationship are too numerous and almost too commonplace to men- 
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tion. The responses may be measured in terms of perceptual inten- 
sities, sizes, differences, durations, and the like, or in terms of diffi- 
culty of attaining certain standards in learning, remembering, reason- 
ing, or inventing. The stimuli may be measured in terms of the 
amount of energy or its duration when applied to a certain collection 
of receptor cells, or in terms of stimulus differences, amount of ma- 
terial to be mastered, and the like. 

In a problem in psychodynamics, on the other hand, our interest 
is confined to responses and the relations between them. The interde- 
pendence of the responses of different receptors or of different por- 
tions of the same receptors would come under this category. The in- 
terdependence of different aspects of the total response to the same 
situation would be another example. The term “psychodynamics” 
might imply causal relationships, but this is not essential. The idea of 
a causal relationship is a logical addition to a functional correspon- 
dence, and it may be introduced only on the basis of observations addi- 
tional to that of the correspondence itself. The assumption of a causal 
relationship probably always looks toward the practical ends of pre- 
diction and control. 

The particular problem in psychodynamics to which I would like 
to call your attention this evening has to do with the relationship be- 
tween the affective value of a color and its visual properties, hue, tint, 
and chroma. Here we have four variables, all of them measurable in 
terms of psychological scales. The dependent variable is affective val- 
ue — the strength of like or dislike for a color — and the independent 
variables are the three ways in which colors can differ from one an- 
other. 

Four years ago I published a paper on this subject, based upon 
the results with forty colors.* Certain conclusions were drawn con- 
cerning the supposed functional relationships among these four vari- 
ables. As compared with previous studies, in which from six to ten 
color samples had usually been employed, I thought that a liberal rep- 
resentation of all colors was being used. For the first time a complete 
evaluation of the colors for hue, tint, and chroma on the Munsell sys- 
tem was introduced into such a study.} For eighteen colors of approxi- 
mately equal tint and chroma, the relationship between affective value 
and hue was determined graphically (see Fig. 1). The evaluations 
were averages of repeated judgments of five men and five women, us- 
ing a rating-scale method. The regularity and continuity of the trend 


* Guilford, J. P., “The Affective Value of Color as a Function of Hue, Tint, 
and Chroma,” J. Exper. Psychol., 1934, 1°97, 342-370. 
+Munsell Book of Color. Baltimore: Munsell Color Company, 1929. 
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FIGURE 1 
Relation of affective value to hue for both men and women, based upon 
the judgments of 18 selected color samples near tint level 6 and chroma 8. 


in the observations were most heartening to anyone who likes to find 
underlying order in his experimental data. Incidentally, let me call 
your attention to the three maxima, coming at red, green, and blue, 
and the three minima at yellow, blue-green, and purple. These facts 
will be important in later discussion. 
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The first and third harmonics derived from a Fourier analysis 
of the curve for women shown in Fig. 1. 
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The appearance of the curves drawn through the observed points 
suggested a repeating function, like a Fourier series. When the curves 
were subjected to Fourier analysis, it was found that two components, 
the first and third harmonics, account almost entirely for the varia- 
tions in affective value as dependent upon hue (see Fig. 2). The first 
harmonic has its maximum at blue and its minimum at yellow, two 
important primary hues. The third harmonic has its three maxima 
at red, green, and blue, the three primaries of the Ladd-Franklin the- 
ory, and its three minima at yellow, blue-green, and purple. 

The relationships of affective value to tint and chroma, when hue 
was held constant statistically, seemed to be linear, with a positive 
correlation in both cases. The affective value of any particular color 
could then be written as a linear combination of a sine-cosine func- 
tion of hue and of evaluations for tint and chroma. 

For a number of reasons I was not content to let the matter rest 
just there. Even forty colors seemed inadequate to establish the rela- 
tionships in question. In the first place, there was a lack of hues be- 
tween green and blue and between violet and red where the trend of 
the relation between affective value and hue had to be estimated with 
too small a basis in fact. In the second place, there were not sufficient 
variations in tint and chroma for the different hues. Even forty sam- 
ples are not sufficient to represent the more than six hundred colors 
listed in the Munsell Book of Color, to say nothing of the thirty-five 
thousand discriminable colors that are said to occupy the traditional 
color solid. The relationship of affective value to hue was determined 
for samples limited to the tint level of about 6 and chroma level of 
about 8 on the Munsell scale. If observations were limited to any one 
of the other tint-and-chroma positions, would the trend in the curve 
be the same? Would we find any systematic shift in the parameters 
of the sine-cosine curve as we go from one tint-and-chroma position 
to another, or would there be a radical change in the type of func- 
tional relationships? 

Other questions arose with regard to the effects of tint and chro- 
ma upon affective value. While the regression of affective value upon 
both tint and chroma seemed linear when the hue had been ruled out 
statistically, will the same thing be true when the effects of hue are 
held constant experimentally? Taking each hue alone, holding chroma 
constant, will affective value increase linearly with tint, and will the 
parameters remain constant as chroma is varied? Similarly, when hue 
and tint are constant, will affective value increase linearly with chro- 
ma, and will the parameters remain constant, or, if not, will they shift 
systematically as tint is varied? Such questions as these forced the 
investigation of a large number of color samples. 
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The Color Samples 


In order to sample the entire color solid adequately, I decided to 
select stimuli systematically from the Munsell Book of Color. This 
Book contains twenty pages, each with a different hue, supposedly at 
equal psychological intervals. Alternate pages were chosen, except in 
the region of green and blue where two extra pages were included. 
On each page were chosen all colors at tint levels, 2, 4, 6, and 8. All 
chromas within these levels were included. 

Owing to the excessive cost of the Munsell color papers, we pro- 
ceeded to collect the samples from more available sources. The ninety 
colors of the Milton Bradley series were first roughly evaluated and 
those that seemed to satisfy the positions wanted were used. Next 
the three-hundred colors from the All-Color Company’s collection 
were examined and a great many samples were adapted from that 
source. Some gaps were filled from the Bauman colors and a few still 
lacking were satisfied by means of Munsell colors. In addition, eight 
samples from the black-white axis, with tint values of 1, 2, 3, 4, 6, 
7, 8, and 9, were included. Altogether, three-hundred-sixteen samples 
were finally selected for use. They were cut into two-inch squares and 
pasted upon gray cardboard which had a tint of 5 on the Munsell scale. 


Procedure 


The colors were exposed for observation in a small inclosure, the 
walls of which were entirely lined with the same kind of gray card- 
board as that upon which the colors were mounted. The illumination 
consisted of the direct, diffuse light from four 60-watt frosted blue 
Mazda lamps, which provided a constant artificial daylight. Each color 
was exposed for only five seconds. This short time was designed to 
catch the observer’s very first affective reaction, eliminating to some 
extent the influence of associated objects and rational criteria. The 
judgments were given in terms of a numerical scale of eleven steps, 
zero being labeled as “the most unpleasant imaginable,” 10 as “the 
most pleasant imaginable,” and 5 as “indifferent.” It was intended 
that the extreme ratings should never be used, but they were intro- 
duced to help stabilize the scale. They were used, however, on very 
rare occasions. 

Some one-hundred-five colors were rated by an observer at a 
single sitting, with a rest period after each twenty-five judgments. 
Twenty men and twenty women, students, were used as subjects after 
color-blindness tests had been given to establish normal color vision. 
Every subject rated the colors two times, on two different days, so that 
reliability coefficients for individual observers could be determined. 
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Only the data from the men are now complete and they will furnish 
the material for my present discussion. The reliability coefficients for 
single judges ranged from .62 to .81, with a median of .71. When 
their judgments of single colors are pooled the estimated reliability 
for the twenty subjects is .94, the Spearman-Brown formula having 
been used. It was decided to compute the medians rather than the 
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FIGURE 3 
The distribution of color samples e mpret. for one hue, red. The dots 
signify an earlier selection of samples and the crosses a 
later selection to give a more complete repre- 
sentation of all the reds plus a 
number of grays. 


means of the forty judgments for each color sample because the me- 
dian is less influenced by individual distortions of the rating scale and 
by the skewness of distributions near the ends of the scale. 

In order to obtain more exact ratings for hue, tint, and chroma, 
five good observers of colors rated all the samples in terms of the 
Munsell system under the same illumination as was used when judg- 
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ments of affective value were obtained. For the collection of all data, 
as well as for the greater part of the work of collecting the color sam- 
ples, I am very much indebted to Mrs. Ada Jorgenson and Miss Pa- 
tricia Cain. Fig. 3 gives an idea of how the color samples distributed 
themselves over the pages of the Munsell scale. Not all of the samples 
turned out just as preliminary judgments had indicated. Some sam- 
ples were found to be almost duplicates so far as hue, tint, and chroma 
are concerned, and sometimes this meant that other desired positions 
in the color solid were left unrepresented. But for the most part, each 
one of the twelve selected hues was rather thoroughly represented 
among the three-hundred-sixteen samples. ; 

It is recognized that at best we have imperfect evaluations of all 
four variables. The Munsell system, though generally thought to be 
the best of its kind, is in need of slight alterations in a number of 
places where steps are not quite psychologically equal. The pooled 
judgments of twenty observers still seem inadequate to represent the 
universal human color preferences, even for men. In defense against 
this objection I can only point to the reliability coefficient of .94, 
which suggests that a set of twenty observers selected at random 
among male students is almost entirely replacable by any other set of 
twenty similarly chosen.* This being true, they at least represent 
fairly well the larger masses of subjects of similar age, sex, and social 
environment. Data from the women thus far, when compared with 
those from men, show very small sex differences, much smaller than 
early data have indicated. It may be justifiable, therefore, to assert 
that the ratings as obtained reflect to a very large degree the biolo- 
gical basis for color preferences, though it is not vital to my present 
discussion to uphold this assertion. . 


Relations of Affective Value to Hue 


Our first interest as usual centers in the effects of hue upon likes 
and dislikes for colors. In a number of cases we have sufficient data 
for different hues at a constant tint-and-chroma position to examine 
this relationship when tint and chroma are held constant experimen- 
tally. Fig. 4 shows the relationships when the chroma is very low, 


*As a matter of fact, owing to an early limitation upon the selection of color 
samples, an original set of 211 was judged for affective value by one group of 20 
observers, and later an additional set of 105 colors was judged by a new group 
of 20 similar judges. The comparability of the judges in the two sets is supported 
by the fact that 12 colors from the first set of 211 which were mixed with the 105 
new ones received very nearly the same average affective values in the two cases 
and by the fact that the continuity of the functions to be described later was not 
noticeably disturbed. The reliability coefficient was obtained from the first set 
of judges who rated the 211 colors. 
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Affective value as a function of hue when chroma is 2. 


namely, at 2 on the Munsell scale, and when the tints are 4, 6, and 8, 
respectively. The trends of the three curves are clearly very similar, 
with a higher level going along with a lighter tint. The indifference 
level is shown by means of a horizontal line drawn at 5.5. For very 
low saturations, only the light-colored blues and violets are rated as 
pleasant, all the rest being rated as unpleasant. As to the general 
shape of the regressions, recalling the earlier hypothesis of a sine-co- 
sine function, it would seem that a first harmonic of low amplitude 
would be adequate to describe the relationships. 

When the saturation is increased to a value of 4, as in Fig. 5, the 
three curves representing colors at tint levels of 4, 6, and 8 are again 
very similar, with the lighter colors generally higher for affective 
value. At this degree of saturation, almost all the colors of tint 8 are 
rated as pleasant, and in addition the blues and violets of level 6. The 
sharper curvature of the depression at the left and the flatter curva- 
ture of the branch at the right suggest a distinct departure from a 
simple, first harmonic of a Fourier series. 

A still greater departure from a simple harmonic curve is seen 
when we go to colors with a saturation of 6 (Fig. 6). Here all hues 
from green through purple are rated as pleasant and in addition all 
reds and yellows at tint level 8. For the first and only time, the three 
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Affective value as a function of hue when chroma is 4. 
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FIGURE 6 
Affective value as a function of hue when chroma is 6. 
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Affective value as a function of hue when chroma is 8. 
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curves are not approximately parallel and in systematic order through- 
out as regards tint. For tint levels 4 and 6 the amplitudes of the 
curves are much greater than those of all preceding curves. 

At chroma 8 (see Fig. 7) we have a complete curve only at tint 
level 6. This is because the lighter blues and violets cannot be satu- 
rated to this degree, nor can the darker yellows and greens. The com- 
plete curve for tint 6 resembles most nearly the general relationship 
between affective value and hue proposed four years ago, with the 
three maxima at red, green, and blue, and the three minima at yellow, 
blue-green, and purple. The reason for this similarity is obvious, 





AFFECTIVE VALUE 











= 
* 
~ 
— 
= 
a 
= 
* 
— 
= 





HUE 
FIGURE 9 
Affective values for different hues when tint and chroma vary at random. 
Regression lines are drawn by inspection roughly through the 
highest affective values at the different hues, at the 
medians and at the minimal values. 

namely, that the early relationship was also derived from colors prin- 
cipally at tint 6 and chroma 8. The greater number of observed points 
between green and blue and between blue and red now vindicates the 
early guesses as to the two minima in those two regions. But the de- 
parture of most other curves from this particular form shows that 
the early generalization of the influence of hue was rather hasty. 
Fourier analysis of all the complete curves that have now been ob- 
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tained might show systematic differences in the presence or absence 
of certain harmonics or in the change in parameters of the sine-cosine 
functions needed to best describe the curves at the various tint-and- 
chroma positions, but this remains to be seen. 

At chroma 10 (see Fig. 8) we have only fragments of three 
curves. But still they come in systematic order as regards tint, the 
lighter colors being preferred to the darker ones, and the important 
minimum coming at yellow and the important maximum in the re- 
gion of blue. The great majority of colors at chroma 10 are rated as 
pleasant. Only a few reds and yellows are slightly unpleasant at this 
degree of saturation. 

A further conception of the relation between affective value and 
hue may be gained from Fig. 9 in which all the color samples are rep- 
resented, regardless of tint and chroma. The middle curve has been 
drawn roughly through the medians of the affective values at the vari- 
ous hues. The top curve runs through the maximum affective values, 
except at the hue of yellow. Here an allowance has been made for the 
fact that at yellow alone we can have maximum chroma combined 
with maximum tint, both factors in themselves being favorable for a 
high affective value. The bottom curve is drawn through the minimal 
affective values at the various hues. All three curves verify the earlier 
assumption of three maxima and three minima. The curves are not 
entirely uncontaminated with the influences of tint and chroma, how- 
ever, since the maximal chroma of a hue may come at any tint level, 
all the way from tint 3 for blue-violet to level 8 for yellow. The me- 
dian tint and chroma evaluations are not the same for all hues, which 
is another disturbing factor. We turn next more specifically to the 
influences of tint and chroma. 


Affective Value Related to Tint and Chroma 


The effect of the brightness of the color sample, when there is no 
hue at all, in other words, when chroma is zero, can be derived from 
the eight samples of grays. Fig. 10 shows the relationship. Tint 1 is 
a jet black and tint 9 is a strong paper white. For tints 4 to 9 the re- 
gression is clearly curvilinear, with a negative acceleration. For the 
lower tints, however, we cannot be quite sure. For these, also, the 
real trend may be a continuous positive relationship. On the other 
hand, there may be a real minimum affective value at 2 and an inflec- 
tion point in the curve. It is possible that in addition to the general 
positive correlation between the two variables here there is also some 
contrast effect. That is, a sample may be judged more pleasing as it 
contrasts with its background. I have chosen the simpler assumption, 
of a continuous rise in affective value with tint. One reason is that 
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Affective value as a function of tint when chroma is zero. 


this is probably the true state of affairs when any effects of contrast 
have been ruled out. Another reason is that even with a minimal 
amount of color in the samples, when chroma is 2, there is no appar- 
ent contrast effect similar to that found when chroma is zero. 

We will now examine a few of the hues separately, noting the 
effects of tint and chroma, each when the other is held constant ex- 
perimentally. Fig. 11 shows the results for the hue of orange (or as 
Munsell calls it, yellow-red). At the left the effects of tint are shown 
when chroma is held constant at 2, 4, 6, and 10, respectively. Al- 
though the shape of each curve is suggested by only a few points, in 
most cases its general trend can be made out. Some of the more un- 
certain curves have been drawn with some regard to the total con- 
figuration of functions. 

At the right, the effects of chroma are shown when tints are held 
constant at levels 4, 6, and 8, respectively. In both cases, right and 
left, the curves are similar in form and they are concave upward. They 
are not linear in any instance. In view of the apparently satisfactory 
linear assumption made in the early study, it is worth pointing out 
here that facts discovered when variables are held constant merely 
statistically may not agree with facts discovered when variables are 
held constant experimentally. When all the data from different hues 
are pooled together, even with these more extensive data, the scatter 
diagram would still suggest linear relationships when nonlinear ones 
in fact exist. 

Fig. 12 shows the relationships when yeliow is the hue. At the 
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left it will be seen that the relationships with tint are again concave 
upward. It will be noticed also that as chroma increases, the slope of 
the curve increases systematically. At the right we see that the darker 
yellows, at tint levels 4 and 6, grow worse as chroma is increased, as 
far as they can increase in chroma, whereas at the highest level there 
is almost a continuous increase in preference as chroma increases, 
Here are two cases of negative correlation between affective value and 
chroma, as exceptions to the general rule. 

The results for blue-green (Fig. 13) are much the same, except 
that the regressions of affective value upon tint are concave down- 
ward. This we will find to be true of all the so-called cool colors as 
contrasted with the warm colors. This outcome is correlated with the 
fact that cool colors are at their best saturations at a low level of tint 
whereas the warm colors are at their best saturations at a high level 
of tint — with one important exception, namely, red. Reds, also, are 
more preferred as they become lighter in tint at every degree of satu- 
ration, in spite of the fact that their maximal saturation comes at a 
tint level of 4. 

To contrast two typical warm and cool colors, let us take yellow 
and blue. We find all yellows improving in affective value, regardless 
of their chroma, as they approach a tint level of 9. With blue (Fig. 
14) there is a progressive shift in the most-preferred tint as chroma 
changes. When the chroma is 8, the most-preferred tint of blue is at 
5; when chroma is 6, the best tint is at 6; when chroma is 4, the best 
tint is at 7; and when chroma is 2, the best blue is at 8. With satura- 
tions greater than 8, the most-preferred blue is found near a tint of 
4. We might suggest the general rule that, superimposed upon the 
usual increase of affective value with tint, there is a second tendency 
for colors to be preferred at tint levels where they can be most satu- 
rated. In the region of yellow the two tendencies coincide in their 
effects. In the region of blue there is a compromise between the two 
factors. In the case of red, the general positive correlation prevails, 
though there seems to be some conflict between the two factors, for 
the saturated reds especially seem most unstable in their affective 
results. 

If we consider the simultaneous effects of tint and chroma upon 
color preferences, for every hue we should have a three-dimensional 
figure with the affective values forming a continuous surface. The 
affective value would be given by the vertical distance of the surface 
from the base of the figure. A triangular base would represent all 
gradations between yellow, white, and black, for example. Such a‘fig- 
ure could be drawn for every hue for which we have a sufficient num- 
ber of judgments. Such a surface could probably be described by a 
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mathematical equation and a best-fitting surface could be adjusted to 
the observed points by the process of least squares. This has not as 
yet been attempted. As I indicated at the beginning, the problem has 
not been rationalized and so the choice of function at this stage would 
be made purely upon an empirical basis. 


Isohedons 


A more practical way of looking at the variations in color pref- 
erence is to show for any hue the regions of equal affective value. Tak- 
ing the triangle representing all the yellows, for example, (Fig. 15), 
we may draw into it lines of equal preference, since preferences in- 
crease systematically from the lower left-hand corner to the upper 
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An isohedon chart for the hue of yellow. 
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right-hand corner. The lines may be smoothed and their shapes drawn 
with reference to the entire configuration without doing more than 
minor violence to the observed affective values. The lines intersect 
the black-white axis at the left according to the simple assumption of 
a progressive increase in affective value with tint, when chroma is 
zero. These points of intersection are the same no matter what the 
hue. The placing of the remainder of the lines depends upon the par- 
ticular hue. As a name for the lines in general I have taken the lib- 
erty of coining the term “isohedon” by analogy to similar contour lines 
for equal barometric pressure on weather maps and the like. The line 
at an affective value of 5.5 is drawn heavier than the rest to indicate 
the division between the colors that are liked and those that are dis- 
liked. In this particular chart, below the indifference line are the 
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FIGURE 16 
An isohedon chart for the hue of blue-violet (Munsell’s purple-blue). 
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tans, the browns, the colors of mud and of decay. It is said that the 
easiest colors for dye makers to produce are browns, which they try 
to avoid, if possible. Any unwanted outcome in the search for a new 
dye is referred to in the vernacular as a “brown.” 

The isohedons for the most-preferred hue, violet-blue, are shown 
next (see Fig. 16). The majority of the violet-blues are pleasant, at 
least for men. I imagine that many individuals would call this hue 
blue, rather than violet-blue, for its tinge of violet is very slight. The 
Munsell blue is to me a decidely greenish-blue and I believe that it is 
to many others. 

The practical value of these isohedon charts should be very ap- 
parent. Assuming that we can obtain in this manner the intrinsic 
affective values of colors for the masses of buying customers, it should 
be relatively simple to set up a series of charts, one for each of the 
twenty Munsell hues, let us say. Once any particular color sample is 
evaluated on the Munsell system, a glance at the appropriate chart 
would tell how well the average person likes it. Predictions for single 
individuals cannot be so accurately made as for groups, of course, but 
in these days commodities are made to please the masses. 

But before wholesale applications can be made from the prefer- 
ences that we have just demonstrated, it should be remembered that 
other important variables must be taken into account. Among these 
are the brightness of the background, the texture of the surface, its 
size, and the object to which it is attached, whether appropriately or 
inappropriately. In this study we have worked with only one back- 
ground, one size of sample, one kind of surface, and one kind of ob- 
ject. The factor of size is important, as Washburn has shown.* Un- 
saturated colors are relatively better in larger surfaces than satu- 
rated ones. The factor of texture is relatively unimportant, as Tinker 
has recently shown.* The other factors, plus others not mentioned, 
have yet to be investigated systematically. But for relatively small 
samples, judged on a medium-gray background, we may assume that 
the affective values reported approach the intrinsic, abstracted, likes 
and dislikes of the population sampled. Other factors may be assumed 
to produce relatively small deviations from the values thus obtained. 


Importance of Psychodynamics 


The practical importance of the problem has just been indicated. 
In closing, I should like to say a word concerning the theoretical 


* Washburn, M. F., Clark, D., and Goodell, M. S., “The Effect of Area on the 
Pleasantness of Colors,” Amer. J. Psychol., 1911, 22, 578-579. 

*Tinker, M. A., “Effect of Stimulus-Texture upon Apparent Warmth and 
Affective Values of Colors,’ Amer. J. Psychol., 1938, 51, 532-535. 
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significance of this problem and of similar problems in psychody- 
namics. The term “psychodynamics” was chosen advisedly. You will 
recognize its analogy to such terms as “electrodynamics” and “thermo- 
dynamics,” although this analogy needs some defense, and it could 
scarcely be mentioned in less sympathetic groups than this. 

I take it for granted that what we psychologists, with few ex- 
ceptions, call “colors” and what we call “pleasantness” and “unpleas- 
antness” are taken to be real, natural phenomena. Granting that they 
are, we generally assume that they are known to exist only in con- 
junction with living tissue. And I think that it is more than a figure 
of speech to say that living tissue, particularly brain tissue, generates 
colors and pleasantness or unpleasantness just as other collections of 
matter generate the phenomena of heat, or magnetism, or electricity. 
Colors and feelings, in fact all forms of mental content, should be re- 
garded as manifestations of energy, to be placed alongside other mani- 
festations that have longer been recognized as such. 

I am here suggesting that we seek among the variations in mental 
content and their interdependences, certain natural laws analogous to 
the laws of thermodynamics. Whether these laws would be practically 
useful is not my immediate concern. I am not prepared to go the 
whole way with the late Professor Troland when he proposed his mod- 
ernized version of panpsychism, which attributes a psychic aspect to 
every energy transformation.* It is more likely that we will be forced 
to limit the manifestations of energy that we now recognize as psychic 
to those energy transformations taking place in living tissue. But 
granting that mental content as we know it is confined to nervous tis- 
sue, quantitative observations of this manifestation of energy should 
yield significant data for understanding how mental content comes 
about and how nervous tissue in general behaves. This is still one of 
the crucial theoretical problems of psychology, as I see it. If psychol- 
ogists do not claim it as their own, the physicists will get to it in time. 

In pursuing this very fundamental problem of the mystery of 
mental content, the psychophysical approach is of course important. 
The correlation of molecular structure of substances with resulting 
odors and taste qualities is a case in point. The correspondence of 
wave length of light to hue is another. There may be some who won- 
der why I did not use wave length as a variable instead of the psy- 
chological variable of hue in relation to affective value of colors. This 
particular psychophysical problem, the relation of affective value to 
wave length, is important. Two practical considerations, first of all, 
led to the rejection of wave length as a variable to use in this study. 


*Troland, L. T. The Mystery of Mind. New York: D. Van Nostrand Com- 
pany, Inc., 1926, Ch. 15. 
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One is the difficulty of producing, controlling, and reproducing areas 
of monochromatic light of given intensities. Another is the fact that 
all of the hues between violet and red, including primary red, would 
have to be left out of account. A theoretical consideration is even 
more important. It is a conviction of those who work with colors, 
that a certain observed color depends upon identical brain processes, 
no matter what stimulus initiated it. For example, the same green 
can be initiated by a certain monochromatic light or by mixtures of 
other wave lengths. So long as the observer cannot discriminate at 
all between the various greens thus produced, his brain processes are 
the same. From this one can see that the reationship between affec- 
tive value and hue is a more important problem than the relationship 
between affective value and wave length. If some one can show that 
the affective value of the same color does change as the composition 
of the stimulus initiating it is altered, then, of course, we should have 
to modify our assumption radically. 

In addition to the example of a psychodynamic problem that I 
have given this evening, other approaches could be cited. By analogy 
with the present problem, the relationships of affective value to prop- 
erties of taste, smell, and sound experiences should be interesting. 
Studies of the correlations among sensory qualities found linked in 
the phenomenon of synesthesia might yield important results. Studies 
of contrast effects and assimilative effects, for example, the mutual 
influences that tones in a melody have upon one another, and the ef- 
fects of the time error in psychophysical judgments in general are 
fruitful approaches. Studies of the fitness of combinations of experi- 
ences — fitness based not only on affective and emotional reactions 
but also upon congruencies of various kinds, including logical consis- 
tency, would enlarge the general approach considerably. There must 
be in mental life some underlying basis for the selection of congruent 
versus incongruent brain processes; of compatible versus incompat- 
ible energy transformations. The rules of compatibility would con- 
stitute a kind of natural or biological logic, more fundamental and 
general than the rules of reasoning. A few fundamental laws of this 
type governing the responses of nervous tissue should go a long way 
toward furnishing the explanations of a great variety of mental phe- 
nomena, which it is our task as psychologists to explain. 
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THE USE OF A DISCRIMINANT FUNCTION IN THE 
TREATMENT OF PSYCHOLOGICAL GROUP DIFFERENCES 


R. M. W. TRAVERS 
Columbia University 


A technique for determining a set of weights for the linear com- 
bination of a number of measures is applied to a concrete problem. 
The set of weights meets the criterion of maximum separation of the 
total scores of two different occupational groups. 


I 


The problems and difficulties of vocational guidance are essential- 
ly those of type psychology, for in both cases a single measurement 
is sought for each individual which will indicate the group to which 
he belongs. The trouble is, however, that although the task of the 
psychologist is to classify individuals into separate and distinct occu- 
pational groups, the test scores form a continuous distribution. 

It is a well known fact that the efficacy of vocational guidance 
and selection can be greatly improved by increasing the number and 
range of tests which the subjects are asked to perform; but no satis- 
factory means has been used to combine the individual’s scores from 
different tests into a compound score in such a way that the possibility 
of misclassification into an unsuitable occupation is minimized. 

It is true that certain attempts have been made to combine meas- 
urements of the individual, either by simple addition, or by making 
a compound of the scores after they have been converted into per- 
centages of the mean, but owing to the arbitrary nature of these meth- 
ods, none of them appear to be very satisfactory. 

Two recent papers, one by Professor R. A. Fisher (1) and the 
other by Miss M. M. Barnard (2), have developed and described a 
technique for dealing with this sort of problem. The former paper 
deals with a taxonomic problem of botany and the latter with cranio- 
metric data; but from the psychologist’s point of view their impor- 
tance lies in the fact that they open up a new approach to type psy- 
chology. 


II 


In this short paper the same technique has been applied to the 
analysis of the test scores of two occupational groups. The one group 
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consists of twenty successful engineer apprentices, and the other of 
twenty successful air pilots. Their crude scores are given in Table | 
under the headings 1, 2, 3, 4, 5, 6. Both groups performed the same 
six tests. 

Table 2 gives the mean score of each group in each test together 
with a value of t calculated from their difference, for thirty-eight de- 
grees of freedom. The latter indicates the significance of the differ- 
ence of the two means. “A” stands for engineers and “B”’ for pilots, 

The six tests were of the following kinds: 

1) Intelligence (Test 33, National Institute of Industrial 


Psychology ) 
2) Form relations (National Institute of Industrial Psychol- 
ogy) 
3) Dynamometer 
4) Dotting 
5) Sensory-motor co-ordination 
6) Perseveration 
In Test 5, a low score indicates a good performance. 
The problem in this case is to find the particular combination of 
scores which best discriminates the individuals in one group from 


those in the other. 











TABLE 1 
Group A GrRouP B 
Engineer Apprentices Air Pilots 
1 2 3 4 5 6 | 1 2 3 4 5 6 
121 2 74 228 54 264 132 17 77 2382 50 249 
108 30 80 175 40 300 123 = 32 79 #192 64 315 
122 49 87 266 41 223 129 31 96 250 55 319 


7 #87 #66 178 80 209 131 923 67 291 48 310 
140 35 71 175 38 = 261 110 24 96 239 42 268 


108 37 57 241 59 245 47 22 87 2381 40 217 
124 39 52 194 72 242 125 32 87 227 30 324 
130 34 89 200 85 242 129 29 102 234 58 300 
149 55 91 198 50 277 130 26 104 256 58 270 
129 38 72 162 47 268 147 47 82 240 30 322 
154 3 87 170 60 244 159 = 37 80 227 58 317 
145 33 88 208 51 228 1385 «41 838 216 39 306 
112 40 60 2382 29 279 100 =35 83 183 57 242 
120 39 7 159 39 28: 149 37 94 227 30 240 
118 21 83 152 88 233 149 38 78 258 42 271 
141 42 80 195 36 241 15327 89 283 66 291 
135 49 73 152 42 249 136 =31 83 257 31 = 311 
151 3 76 223 74 268 97 36 100 252 30 225 
97 46 838 164 31 2438 141 37 105 250 27 248 


109 42 82 188 57 267 164 32 76 187 30 264 
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TABLE 2 

- Test = MeanA MeanB M,— Ms t(38 degrees 
of freedom) 

iz. 124.5 129.3 — 48 0.6517 

2 38.1 31.7 6.4 2.6148 

3 76.5 87.4 —10.9 8.2549 

4 192.75 236.6 —43.85 4.6315 

5 58.65 44,25 9.4 1.8885 

6 250.3 280.2 —29.9 4.7778 





Since the majority of psychological readers will be largely unac- 
quainted with the technique, a short resumé will be given here. 

The simplest form which this compound of scores can take is the 
linear one 


X =A, 4%, +A, Xo + Ag %3 + Ag Met A5 %5+ 16 Xe, (1) 


where X is the compound measurement required and 2%, %, %3, X4, 
z;,and «, are the crude scores of any individual in tests 1, 2, 3, 4, 5, 6. 
It is required to find a set of values for the 2’s , which will maximize 
the ratio of the variance of X between occupations to the variance 
within occupations. 

Since 


X =A, %, +). %.+---+ de Le 
and 


X = Ay + Ae La +> + Ac he, 


where X is the mean of X for any one occupation, then the variance 
within this occupation will be proportional to 


S=S(X—X)? =A Tart aD 2+ Aa Ts + WS 2% 
+ A?s Sd 075+ 17% Swot 2d de SM Met 2d AE U1 43 
+2A AS 4%, +2455 U1 %5+ 2A, AS 1 Xe 
+ 2 dods DS Xo %3 + 2d. AGS Xo Xt 2 do ds S Xe Xs 
+2 dodo SD XoXo + 2ZdAgdg DS Xe HX, 2d3d5 ¥ Xs Us 
+2Asdg DS Xs Xo 2lgds Dd Xs Xs + WAg de S Xs Xe 
+ 2A, ALS Us Xe, 


the x’s being taken as deviations from the mean of the group to which 
they belong. 

The total variance within occupations will include two such terms 
and will be proportional to 
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6 6 
DS DA dg Sm = S- (2) 
pP=1 q=1 
When the difference between the means of the scores of the in- 
dividuals in the two groups is d, for any test p , then D, the difference 
between the means of the groups, for the compound weighted score 
will be the sum of the weighted differences: 


D23,4,4-24,4+44044.0.4+44, +2,4, (3) 


and D? will be proportional to the variance between occupations for 
the compound measurement. 


The particular compound measurement which best discriminates 
2 


jae , : 
the two occupations will be the one for which Zz is a maximum. This 


is also the one for which (2 log D — log S) is a maximum. 
This function will be greatest for any 2 when 


rE (4) 
Substituting in (4) the values found from (2) and (3), it is seen 
that the /’s will be proportional to the solutions of the following equa- 


tions, for vd is always a constant term of the right-hand side: 


(iit Ba 440O4- ta tt Mat ihe = t,, 
iy Ata + ih tt Bot, 44 Bs te, 
i tie + 1 AES, te, FA OK, 
iui id oe Oe 4 Be 
het ti 4-2 td he 4-1 Be Hi Be = ht, 
it, bie +h iat idia 4-hBa +l = tes 


It will be noticed that when the tests are uncorrelated within 
groups, then 
ss d 
an a : 
Table 3, the matrix S, gives the sums of squares and products 
within occupations. 
The arithmetical procedure now follows that used by Fisher in 
the solution of partial regression equations (3). Unity is substituted, 
in turn, for each of the d’s in the simultaneous equations while the 
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TABLE 38: Matrix (S) of the sums of squares and products within occupations 


























i 1 2 3 4 5 6 
1 20369.2 17108 4786 19679  — 330.0 9919.8 
- -« 2278.0 2564 —881.9  —18888 1200.6 
3 4247.8 350.7 — 298.5  —2220.6 
4 34062.75 — 307.75 2801.1 
5 9426.3 — 303.9 
6 32755.4 





others are made equal to zero. This operation produces the matrix 
c, the inverse of the matrix S. 


TABLE 4: Inverse S,, X 1000. Matrix ¢ 


0.0618789255 —0.041930036 —0.014160687 —0.002747137 —0.007355198 —0.018038076 
0.574173318 —0.028118468 0.010841258 0.112724511 —0.009969186 

0.250995024 —0.003586747 0.002430009 0.022609454 

0.029827573 0.002875878 —0.001877307 

0.128562607 —0.000748758 

0.038015166 











Each of the terms in each column of ¢ is multiplied by the corre- 
sponding difference in Table 2 and the summation of these columns 
of products will give the corresponding 4’s 


1 2 3 4 5 6 
—0.17964196 —5.0647646 3.3437344 1.1031085 —1.8350238 1.2850350 








The difference between the means of the two groups with respect 
to their compound score is found by substituting the above values in 
equation (3), giving a value of 172.0. 

The standard error of the difference of the two means is 22.544, 
which is less than one-eighth of the actual difference, a very signifi- 
cant difference in spite of the small size of the population. 

Table 5 gives the analysis of variance of the compound measure- 
ment X between and within occupations. This supplies an exact test 
of significance of the difference. 

















TABLE 5 
vane Degreesof Sumof == Mean % log 
freedom Squares _ Square Mean Square 
Regression 6 0.29598 0.049331 1.9493 10D2 
Remainder 33 0.17204 0.005213 0.8256 D 


z= 1.1237 
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From this table the value of z is 1.1237 whereas the value for 
the 1% point is 0.6226. This confirms the above conclusion. 


III 


Professor Fisher has again shown that a similar result would 
have been reached if each group had been given a value of a dummy 
variate, and if the partial regression coefficients of the tests on this 
variate had been calculated. It is then a simple matter to estimate 
t for each of the coefficients. 








Each of the individuals in the one group was given a value “ 7 
nN a 
and those in the other — ———. 
N, +- Nz 


Table 6 gives the sums of squares and products taken from the 
combined mean of the two groups. This matrix, S’,,, is obtained by 




















adding a d,d, to each of the appropriate terms in the matrix 
nN, 2 
Sp. The left-hand sides of the original set of equations may now be 
‘ ‘ aes Ny, N, 
called S’,, and the right-hand sides must all be multiplied by me iy 
1 
It will be necessary then to solve a series of six equations of the type 
, * , 4 , ’ ¥ n Ne 
A, Si; + he So + ds Sis + As Sua + As Sis + As Sis = ie Oe 
TABLE 6. S’,, 
. 1 2 roa 4 5 6 
iy ~~ 20599.60 1403.60 1001.80 4072.70 —781.20 11355.00 
2687.60 —441.20 —3188.30 —1287.20 —T713.00 
5435.90 5130.35 —1323.10 1038.50 
53291.00 —4429.65 15412.35 
10309.90 —8114.50 
41695.50 








The procedure in this case is exactly the same. The above matrix 
is inverted and the values in each column are multiplied by the corre- 
sponding terms of the right-hand sides of the equations. The inverted 
matrix is given in Table 7. 








n 
TABLE 7. Inverse S,, +—~--d, d, 
nm, +n, 
6.061760 —0.045276 —0.011952 —0.002016 —0.008565 —0.017191 
0.479880 0.034134 0.031378 0.078561 0.013955 
0.209896 —0.017145 0.024985 0.006815 
0.025355 0.010317 —0.007089 


0.116185 0.007919 
0.031946 








for 
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The new set of weighting coefficients will be proportional to those 
formerly calculated, with a ratio of 2.7204. 


Weighting Coefficients 
































ry d's d's r’, d's d's 
—0.06595 —1.86177 1.22912 0.40548 —0.67453 0.47235 
2 ‘ : N, Nz : 
The part of the variance due to regression will be > 4 d and 
: | 2 
N, Nez 
the total _——_.. 
N, + Ny 
Degrees of Sum of Mean % log mean 
freedom Squares Square square 
Regression 6 6.32404 1.0540 1.1776 
Remainder 33 3.67596 0.1114 0.0538 
z= 1.1237 





It will be observed that z is of course, exactly equal to the value 
found by the first method. 

It is now possible to calculate t for each of the coefficients and 
thus test their individual significance by the ordinary method used 
by Fisher (3). 

t for each coefficient for 33 degrees of freedom 








1 2 3 4 5 6 
0.2514 2.5464 2.5419 2.4127 1.8749 2.5040 








It will be seen that the contribution made by Test 1 is practicably 
negligible. It may therefore be omitted and the other coefficients suit- 
ably adjusted. To adjust the other coefficients for the omission of 2’, 


it is necessary to subtract ae 4’, from each 4, - 


11 


The following are the coefficients corrected for the omission of i’ : 








2 3 4 5 6 
1.86225 1.22894 0.40546 0.67426 0.47217 








IV 


It will be seen that, although the two groups studied obtained al- 
most the same average score in the “intelligence tests,” yet consider- 
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able differences are displayed between the groups as regards abilities 
and aptitudes. These differences indicate that in many cases the 
measurement of specific abilities and aptitudes may be very impor- 
tant for efficient vocational guidance and selection, and it is probable 
that their value has been underestimated in actual practice. It will 
be observed that air pilots excel in Tests 3, 4, 5 and 6, while the en- 
gineer apprentices are superior in the test of form relations. The 
latter might have been anticipated, for the individual who shapes and 
moulds materials must need a special understanding of form to reap 
any measure of success in his occupation. 

This particular method of treating data should become a power- 
ful weapon in the hands of the practicing psychologist, for it is pos- 
sible in this way to get a measure of probable success or failure in 
any particular occupation. Further work is in progress on the actual 
selection of individuals for certain occupations by means of this meth- 
od (4). The factors that are used depend entirely on objective and ex- 
ternal criteria and, unlike the search for internal factors, call upon 
none of the assumptions which have so often been questioned. 

Lastly, the customary note of thanks is quite inadequate to ex- 
press my indebtedness to Professor Fisher who first suggested treat- 
ing psychological data in this way, and who has been of constant assis- 
tance. I am also grateful to Mr. E. Farmer and Mr. E. Chambers of 
the Industrial Health Research Board who have taken so much trouble 
in supplying me with data. 
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INFLUENCE OF CHANCE ERROR 
ON SIMPLE STRUCTURE: 

AN EMPIRICAL INVESTIGATION OF THE EFFECT OF 
CHANCE ERROR AND ESTIMATED COMMUNAL- 
ITIES ON SIMPLE STRUCTURE IN 
FACTORIAL ANALYSIS 


CHARLES I. MOSIER 
University of Florida 


Correlation coefficients derived from an hypothetical simple 
structure for twenty tests and four factors were “loaded” with 
chance error components. Centroid analyses and rotations to give 
least square determinations of the hypothetical simple structure 
were made for several conditions. It is concluded that the experi- 

mental situation of inaccurate coefficients and estimated communal- 
ities permits accurate determination of primary trait loadings pro- 
vided that the rank of the centroid matrix is equal to or greater than 
that of the underlying primary trait matrix. Of several criteria for 
the completeness of factorization which were tested, none was wholly 


satisfactory. 


The theoretical development of multiple factor analysis, whereby 
a correlation matrix of order n and rank r is factored into the prod- 
uct of an n X r matrix F and its transpose F’ , assumes that the cor- 
relation matrix is identically of rank 7 , and further assumes that the 
diagonal entries, or communalities, are known ($, ch. i and ii). In 
the application of the theory to the factorization of experimentally 
obtained correlation matrices, the problem becomes one of replacing 
the experimental matrix, R,, with unknown diagonal entries, by a 
reduced matrix, R, , with known diagonal entries and “true” correla- 
tion coefficients. Two questions are at once raised: What is the order 
of magnitude of the effect of the chance errors in the obtained corre- 
lation coefficients, and of the method of estimating the diagonal en- 
tries on the resulting analysis? When is factorization complete? Eck- 
hart and Young (2) have considered certain theoretical aspects of the 
problem of approximating a matrix of rank n by a matrix of rank r 
(r less than n). (In general, the existence of chance errors in the ob- 
tained correlations and the use of any but the proper value for the 
diagonal entry will cause the resulting matrix to be of rank n, though 
Special cases might exist where the rank is less than the order). This 
investigation proposes an empirical, experimental estimation of the 
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magnitude of the effect of these two sources of deviation from theo- 
retical conditions, and the investigation of certain other, subsidiary, 
problems. 

In designing the problem, a factorial matrix was written down 
by hypothesis for twenty tests and four othogonal factors, satisfying 
the conditions of simple structure. This matrix, designated V,, is re- 
produced in Table I. In designing the factor pattern of V., an attempt 


TABLE I 
The Matrix V, 


Primary Trait Pattern of Twenty Hypothetical Tests 




















Test | Trait1 | Trait2 | Trait3| Trait 4 
| a 7 
: | 2 0 0 A 
: i 8 0 0 
Ba. 4 6 —5 
| g 0 0 8 
i. | 5 17 0 
= a a ee ee: 0 
ar Sai it @ 6 
as ee, Se ee. Se 0 
; Ts .* ae 0 
10 | 0 — | 9 
11 0 4 | 6 —6 
12 8 > | «2 | @ 
13 9 0 a ae ee 
14 0 0 a Wh we 
15 6 4 | 6 0 
16 6 0 0 A 
17 0 eos 0 
18 6 4 = ae. 
19 6 0 5 5 
20 0 7 0 | 








was made to secure a representative configuration. Hence a positive 
manifold was avoided. An objection which may be urged against the 
representativeness of the configuration used is that the four primary 
traits are of approximately equal significance as judged by their con- 
tribution to the total variance, and further that the communalities of 
the tests are too high to be representative of those encountered in 
practice. While it cannot be said definitely, it is not felt that these ob- 
jections invalidate the results obtained. 

The “true” correlation matrix, R, , with known diagonals was ob- 
tained by the matrix multiplication: 


R, = VV‘. (1) 


To each coefficient, 7; , in Ry was added a chance error component by 
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the following method: On a series of slips of paper, 100 in number, were 
written values of é,/o,, where e, is the ac ual error of an individual 
correlation coefficient and a, is the standard error of that correlation 
coefficient. These values of e,/o, were written in intervals of .05 from 
—3.0 to 3.0, and distributed to yield a normal distribution. These 
slips were then shuffled and one drawn for each of the 190 correla- 
tion coefficients, 7;,, with replacement and re-shuffling between each 
drawing. The distribution of assigned values of ée,/c, was tested for 
normality by the chi-square test; it was found that the probability of 
greater deviation from normality was .235. A table of o, was pre- 
pared for each 7;, in the correlation matrix on the assumption of an 
experimental population of 100 subjects: 


1—r 
SE emcee « (2) 
VN 
The mean o, was .084 and the standard error of the mean coefficient 
was .089. The product, é,,,/or,, or, gave the total error for each 
r;,, forming an error matrix FE, such that: 
E = R, —, ie . (3) 


The matrix of “obtained” correlation coefficients, R,, was then con- 
structed by: 





Or; 


R,=R, +E. (4) 


The matrix R, may be taken, from the method of its construction, as 
representative of the correlation matrix which would be obtained if 
the twenty hypothetical tests, defined by V., were administered to an 
experimental population of 100 individuals, and the product moment 
correlation coefficients computed. This matrix, with unknown diago- 
nal entries, represents the situation met in the practical application 
of the methods of factor analysis, where the individual 7;,’s are sub- 
ject to error and the communalities must be estimated. 

A factorial analysis was carried out independently under each 
of the conditions to be described below. The method of analysis was 
that described by Thurstone (3, Appendix 1) except that the sign 
change was continued until the sum of every column, less the diago- 
nal entry, was positive, thus insuring that the centroid of the system 
Was at a maximum distance from the origin. The resulting centroid 
matrices were rotated by a matrix of transformation, Ao, to a matrix 
V,, Ay having been determined so that the distance between V, and 
V, was a minimum (1, 2). The summed squared discrepancy and the 
root mean square discrepancy between the hypothetical primary trait 
loadings and those obtained by transformation of the centroid matrix 
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for each trait, 


> (Vo,,— V1, (5a) 
J (v,,—01,,)2/n  (p fixed), (5b) 


are measures of the error introduced by the experimental conditions 
under which the centroid matrix was derived. The root mean square 
discrepancy is the standard error of estimate for the hypothetical 
trait scores determined from the experimental correlations. 

The problem first investigated, Case I, was the influence of chance 
error in the correlation coefficients, assuming the communalities to be 
known. For this study the centroid matrix was derived from the 
correlation matrix R, with the diagonal entries equal to the true com- 
munalities: 


; 
Tix = DX Vip V' pe + Cx 
p 
(6) 


. 
rj, = Wh; = Jv? jp- 
p 


This matrix was factored, four factors being extracted. No adjust- 
ment of the diagonal entries was made. The centroid matrix was ro- 
tated by the method of (2) to give a least square fit to V,. The dis- 
crepancies introduced by the presence of chance error for an experi- 
mental population of 100 subjects when the communalities are accu- 
rately known, are given in the first column of Table II. 


TABLE II 


Accuracy of Primary Trait Loadings 
Determined from Centroid Analysis 


Criterion Condition 
Summed squared discrepancy Case I Case IT Case III 
V,—V,:_ trait1 .0526 .0030 .0782 
trait 2 .1080 .0035 1227 
trait 3 .0573 .0019 .0816 
trait 4 .0416 .0022 .0460 
all traits .2595 .0104 .8285 
Root mean square dis- 
crepancy, all traits .0570 .0114 .0641 


In Case II the effect of estimating the communality by the meth- 
od of highest value (8, p. 89), assuming the non-diagonal correlation 
coefficients to be without error, was studied. The centroid analysis 
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was performed on a correlation matrix whose non-diagonal elements 
were those of R, (true coefficients), and whose diagonal elements were 
estimated as equal to the greatest numerical magnitude of 7; for each 
column. The matrix was factored to four factors, the estimate of the 
diagonal entries being revised for each table of residuals. The result- 
ing centroid matrix was rotated to give a least square fit to V.. The 
summed squared discrepancies for each trait and for all traits, and the 
root mean square discrepancy for all entries, v;,, are given in column 
2 of Table II, and are seen to be extremely small. The necessity for 
estimating the communality produces no appreciable distortion in the 
resulting primary trait loadings. 

In Case III the combined effect of these two sources of error was 
studied. Case III is of special interest since it represents the situation 
encountered in the actual study of experimentally obtained data. A 
battery of tests having a definite primary trait configuration is ad- 
ministered to a group of subjects. The inter-correlations of the tests 
as computed are subject to chance error; the communalities are un- 
known. This matrix of obtained correlation coefficients with estimated 
diagonal entries provides the data from which the primary trait con- 
figuration must be determined. With what accuracy may the primary 
trait loadings be ascertained? The correlation coefficients of R, as in 
Case I, with communalities estimated as in Case II provided the data 
from which the centroid matrix was determined. The matrix was fac- 
tored and rotated as before. The results are given in column 3 of Table 
II. The root mean square discrepancies for each trait are .063, .078, 
.064, .048; for all traits it is .064. These inaccuracies compare favor- 
ably with the mean standard error of the correlation coefficients them- 
selves, .084. This fact assumes importance when it is remembered that 
by far the greatest contribution to the discrepancies came from the 
error in the correlation coefficients. 

These studies make it probable that, at least for trait configura- 
tions as distinct as that of Table I, the configuration underlying the 
inter-correlations may be discovered with quite satisfactory accuracy, 
even in the combined presence of chance errors in the experimentally 
obtained coefficients and of unknown commualities, estimated by the 
method used. This conclusion, of course, does not take into account 
any inaccuracies introduced by the method of discovering the simple 
structure. 

The second question which arises from the divergence of practice 
from theory is that of a criterion for judging the least rank of the 
matrix R, which may be substituted for R, and yet preserve reason- 
ably intact the underlying trait configuration. This problem may be 
re-formulated as that of determining the rank of V, from the centroid 
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analysis of R, with unknown diagonals. Such a criterion, when ap- 
plied to the factorial analysis of Case III should give unequivocally the 
answer 4, since that is the rank of V,. A number of criteria have been 
proposed for this purpose. Those studied in this paper, all assuming 
the centroid method of factorization, are: 


1. The frequency distribution of centroid loadings 
should become uni-modal when the number of centroid fac- 
tors exceeds the rank of the primary trait matrix. 

2. The range of centroid loadings in the 7-th factor 
should be less than some arbitrary value, e.g., .30. 

3. The standard deviation of the distribution of the 
r-th factor residuals should be less than the standard devia- 
tion of the mean correlation coefficient, or the curve of the 
standard error plotted as a function of the rank of the cen- 
troid matrix should flatten markedly at 7. 

4. The maximum contribution of the (7 + 1)st factor 
to any correlation coefficient should be negligible, e.g., less 
than .10, or its curve when plotted against the rank of the 
centroid matrix should flatten at the (7 + 1)st factor. 

5. The maximum distance of the centroid from the 
origin, measured by the maximum value of 


Se, GR) 


~Ms 


obtainable by reflection of the tests through the origin, con- 
sidered as a function of the rank of the centroid matrix, 
should flatten markedly at the (r + 1)st factor. 
6. The total variance attributable to the (7 + 1)st 
centroid factor, should be negligible, or its curve, as above, 
should flatten. 
A criterion may not be judged valid because it applies to this special 
case, but it may be discarded if it does not apply. The application to 
a particular case is a necessary, but not a sufficient condition of val- 
idity. 

The centroid analysis of Case III was continued through the sixth 
factor and each criterion applied. The frequency distribution for the 
sixth factor is given below: 


Absolute value of k, 00 —.09 .10—.19 20—.29 .380 —.39 
Frequency 4 8 7 1 


and this is seen to represent a definitely bimodal distribution of the 
algebraic values of k,. This criterion definitely permits the extraction 
of more centroid factors than primary traits. 

The results for the other criteria are summarized in Table III, 
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TABLE III 
Criteria of Completion of Analysis 
Criterion Factor 
1 Z 3 4 5 6 

2. Range 1.440 1.004 .969 .676 .644 
8. S. D. of residuals .139 .103 .073 .067 .060 
4, Maximum 

contribution 13 .59 o2 25 11 10 
5. Maximum 

distance of 

centroid ? z Pik 113.24 78.018 25.752 20.130 7.312 8.948 
6. Contribution to 

variance = k2 6.28 5.12 2.03 1.57 .661 -730 


and presented as functions of the rank of the centroid matrix in Figs. 
1-5. Criterion 2 gives an indication of the true rank, not in its abso- 
lute value, but in the abrupt flattening of the curve. However, this 
might indicate two factors as well as four. Criterion 3 gives a fairly 
satisfactory result, since the curve flattens out after the fourth 
factor, and the value for the fourth factor residuals is less than the 
standard error of the mean correlation. This last indication, however, 
must be discounted in the light of experience with other factor studies. 
The maximum contribution, like the range of factor loadings, indicates 
four factors, not in its absolute value, but in the abrupt flattening of 
the graphic plot. The maximum distance of the centroid shows the 
most abrupt change of any of the criteria between factors four and 
five, and seems to be the most satisfactory of the criteria. This con- 
clusion needs considerable verification from other studies. 


iv 
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FIGURE 1 
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CONTRIBUTION TO VARIANCE 





FACTOR | 2 3 a 5 6 


FIGURE 5 


Criterion 6 gives no clear indication of the correct answer. 

In summary, criterion 1 insures enough factors, but not against 
too many. Criterion 2 might be interpreted as indicating either two 
or four factors, and hence is definitely unsatisfactory. Criteria 3, 4, 
and 5 seem to parallel one another and all seem satisfactory; criterion 
5 seems to give the least ambiguous results. Criterion 6 is definitely 
unsatisfactory. 

A further problem, stemming from the problem of the termina- 
tion of the analysis, is the effect on the determination of the underly- 
ing simple structure of too few or too many factors. Two contradic- 
tory opinions have been advanced — one that it is safest to terminate 
the analysis too soon, before “error” factors, tempting psychological 
identification, appear; the other that if the number of centroid factors 
is less than the number of traits, no one of the traits can be deter- 
mined, whereas if it is more, the additional “error” factors will not 
admit of psychological interpretation and may be ignored. These addi- 
tional factors are, in any case, present in the analysis of the battery, 
though they may vary from one set of data to another in the same 
battery. 

To study this question the simple structure of V, was determined 
by the least square method for three, four, and six centroid factors 
from the analysis of Case III. When four traits are determined from 
three factors, any one of the four is linearly dependent on the other 
three, and the three traits best defined by the centroid analysis must 
be chosen by an inspection of the s¥mmed squared discrepancies, the 
criterion which is minimized. The discrepancies are given in Table 
IV. The second position is seen to be justified. With three factors, no 
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TABLE IV 


Accuracy of Primary Trait Loadings 
Determined from Centroid Analysis 


Criterion Condition 

Summed squared three four six 
discrepancy factors factors factors 
V,—V,: trait1 .9793 .0782 .0631 
trait 2 -6035 .1227 .0631 
trait 3 2197 .0816 .0591 
trait 4 .9320 .0460 .0411 
all traits 2.7260 3285 2264 

Root mean square dis- 

crepancy, all traits -1846 .0641 -0532 


one of the primary traits can be reproduced, the smallest summed 
squared discrepancy for three factors being nearly twice as great as 
the largest for four factors. With an increase from four factors to 
six, little improvement in the accuracy of definition of the primary 
traits is obtained. Since the postulated simple structure of Table I 
involved orthogonal traits it is pertinent to inquire how well this or- 
thogonality is preserved in the least square determinations. For three 
factors the correlations between traits range from .07 to .50; for four 
factors the corresponding values range from .01 to .07; the range for 
six factors does not differ from that for four. 

When six factors are considered, the total variance accounted for 
by the first four traits after rotation is 15.241, while that remaining 
to be accounted for by the fifth and sixth “traits” is only 1.157, or less 
than 10% of the variance of the first four. 

We may conclude that if the analysis is carried to a number of 
factors but one less than the number of traits represented in the bat- 
tery of tests, no trait can be accurately determined; if the number of 
factors is equal to the number of traits, the determination of all traits 
is quite accurate; little is gained by increasing the number of factors 
beyond the number of traits present, and the contribution to the total 
variance of the additional “traits” is negligible. On the whole, how- 
ever, it is far safer to carry too many than too few factors. 


Summary: 

A correlation matrix was derived from an hypothetical simple 
structure, for twenty tests and four factors and each coefficient “‘load- 
ed” with a chance error component to correspond in magnitude and 
distribution with that to be expected from actual administration of 
the tests. Independent centroid analyses, and rotation of these cen- 
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troid matrices to give least square determinations of the hypothetical 
simple structure, were made for the conditions: 


1. correlations with chance error, communalities known 
2. correlations without error, communalities estimated 
3. correlations with error, communalities estimated 

a. three centroid factors 

b. four centroid factors 

c. six centroid factors 


Certain criteria of the completeness of factorization were tested. 
Results justify the following conclusions: 

1. The inaccuracies in the optimum determination of simple 
structure introduced by estimating the communalities are very small 
— a root-mean-square discrepancy of the order of magnitude of .01 
for this problem. 

2. The inaccuracy introduced by the presence of error in the 
correlation coefficients is larger, but still small in its magnitude. 

3. The experimental situation of inaccurate coefficients and esti- 
mated communalities still permits accurate determination of primary 
trait loadings provided the rank of the centroid matrix is equal to or 
greater than that of the underlying primary trait matrix. The root 
mean square discrepancy was .064, the mean standard error was .084. 

4. When fewer centroid factors than traits are determined no 
primary trait can be determined with any degree of accuracy. 

5. Little is gained by increasing the number of factors beyond 
the number of traits in the primary trait matrix. It is safer to have 
too many than too few factors. 

6. None of the criteria of completion tested is wholly satisfac- 


tory. 


Addendum: 

Since the completion of the paper, a seventh criterion of the com- 
pleteness of factorization has been suggested by Mr. Ledyard R. Tuck- 
er, who has proposed the criterion: * 


¢= = lel  n—1 
VElne ~ * 


where © |p|, is: the sum of the absolute residuals after s factors, in- 
cluding the adjusted diagonals. 

and © |p|s.: is the sum of the absolute residuals after (s + 1) factors, 
including the unadjusted diagonals. 





* Letter from Professor L. L. Thurstone to author, March 4, 1937. 
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If this criterion is equal to, or greater than, (n—1)/n, then the 
(s-+-1)th factor is superfluous. 


This criterion has been applied to the data of this problem with 
the following results: 


8 2 3 4 5 
n—1 
¢  .84 85 .95 .92 "pelea 


The criterion is seen to give satisfactory, though not exactly decisive, 
results. 





REFERENCES 
1. ECKHART, CARL, and YOUNG, GALE, “The approximation of one matrix by an- 
other of lower rank,” Psychometrika, 1936, 1, 211-218. 
2. Mosier, C. I., “On rotation to a known simple structure,” to appear in Psycho- 
metrika. 
8. THURSTONE, L. L., The Vectors of Mind, Chicago: Univ. of Chicago Press, 
1935, pp. xv, 266. 





lon) ae OD 08m SS tO DD 


— 4S FR e€* 45 eet et = 


Aas a8 & FD 





PSYCHOMETRIKA—VOL. 4, NO. 1 
MARCH, 1939 


A NEURAL MECHANISM FOR DISCRIMINATION 


A. S. HOUSEHOLDER 
The University of Chicago 


A mechanism for localizing different stimulus intensities within 
the nervous system, essentially as described by Rashevsky, is consid- 
ered in first approximation. The mechanism is central, and there- 
fore general. There results a one-parameter family of theoretical 
curves, graphs of the Weber (discriminal) ratio against stimulus 
intensity. Comparisons are made with experimental visual, acous- 
tical, and tactual data. 


1. The mechanism. It is here assumed that when a subject is 
able to discriminate between two stimuli differing only in their physi- 
cal intensity, there occurs somewhere a “sifting out” process leading 
to the differential response, whereby certain nervous pathways are 
reached by the weaker stimulus but not by the stronger, and vice ver- 
sa. Hecht’s theory of vision gives no explanation of this sifting. More- 
over it is restricted explicitly to vision, although Knudsen (3) has 
commented upon the remarkable similarity between his own curves 
for acoustic and the well known curves for visual] discrimination. 

The mechanism to be discussed here is, except for slight modifi- 
cations, as described by Rashevsky in a recent paper (10), and it is 
precisely such a sifting mechanism. Moreover it is central, and there- 
fore general in the sense that the nature of the sense organs involved 
is not material, so that the similarity noted by Knudsen is a simple 
prediction of the theory. 

Consider a large number of collateral nerve fibers leading to what 
we may term the “sifting” center, and varying as to threshold, h. 
For the present treatment we suppose that the excitatory substance, or 
amount of « — 7(9, ch. xxii), developed by each fiber is a linear func- 
tion of the intensity S of its stimulus, and hence is proportional to 
S—h. The factor of proportionality, which we shall call the activity 
of the fiber, as well as the threshold, is then characteristic of each 
fiber. 

Suppose that all the fibers of a given threshold h lead to the same 
synapse. We may therefore call this the synapse s,. Then the total 
amount of excitatory substance, which we shall call &(S, h), developed 
at s, upon application of a stimulus of intensity S, is again proportion- 
al to S — h. The sum of the separate factors of proportionality of all 
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the fibers of threshold h will be the factor of proportionality for the 
group. If we think — with Rashevsky — of the fibers as being equally 
active, then the factor for the group, or the “activity” of the group of 
fibers leading to s, will be equal to the number of fibers multiplied by 
this activity. In any case the activity of the group certainly may vary 
from group to group and the variation may be described by some dis- 
tribution function, f(h). It follows, therefore, that the total excita- 
tory substance developed at synapse s), is given by 


® (S,h) = (S—h)f(h). (1) 


We now come to the sifting mechanism proper. The sifting is 
effected, quite simply, by inter-synaptic inhibition. Let each synapse 
s,, be connected with each other synapse s, by an inhibitory fiber. 
Then the net amount «—j at 8s), to be denoted by ofS,h), willbe 
obtained by subtracting from ®(S, h) the amount of 7 produced by 
all inhibitory fibers leading from other synapses to s,. Moreover 
a(S, h) is the effective stimulus acting upon all inhibitory fibers lead- 
ing from s,. To set up the equation giving o we make the following 
assumptions concerning the inhibitory fibers: 

(a) they are all similar; 

(b) for each fiber the amount of 7 produced is a linear function 

of o>; 

(c) — the threshold of each fiber is negligible. 

Then the total amount of 7 produced by these fibers at any syn- 
Apse S$), 18 


I(S) =Afoa(S, h)dh 


where / is a constant of proportionality measuring the activity of the 
inhibitory fibers. The integration is to be extended over all values of 
h for which o > 0. Hence 


o(S,h) = (S,h) —ifo(S,h)dh. 


We may suppose f(h) to be at least continuous, and to vanish at 
h =0. Then #(S, h) vanishes at h = 0 and at h = S, for any given S. 
Hence #(S, h) has at least one maximum on the interval. If we sup- 
pose it to have only one maximum, then for any S the graph of @ will 
have just two points of ordinate J, say at h, and at he, and for values 
of h between these two values « will be positive. Call this interval, 
over which o > 0, the “excited interval.” 

The argument here parallels that of Householder and Amelotti 
in (2). We may write 
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he 
I(S) =2 | o(Shyah, (2) 
hy 
o(S,h) = 6(S,h) —1(S), (3) 
and hence, [2, eq. (10)], 
1(S) =4 [smart +10— I) (4) 


For determining h,(S) and h.(S) we have, then, 


ral 


ha 

2(S,h,) = 0(Siha) = 2 | O(S,b)dh/[1 + A(ta—hs)], (5) 
vhy 

since at these points « vanishes. 

The modifications in the above formulation that would be de- 
manded by an alteration of assumptions (a), (b), or (c) are fairly 
evident in principle, though any such modifications would be apt to 
complicate the mathematics considerably. 

We are now ready to define the Weber ratio 6(S) by the equation 


h.(S) = h,(S+ 86). (6) 


This is equivalent to saying that discrimination between the inten- 
sities S and S(1 ++ 6) is possible (in a suitable percentage of trials) 
when the excited intervals are just distinct. Of course, S may not be 
the peripheral stimulus-intensity, and will not be unless the collateral 
excitatory neurones are themselves peripheral. For example, Rash- 
evsky suggests that the collateral neurones are all excited by a single 
peripheral neurone or chain of neurones. In this case S will be some 
increasing function S(R) of the peripheral stimulus FR , and the true 
Weber ratio, say D(R), will not necessarily be the same as 6[S(R)]. 
However, if S(R) is known, then D(R) can be calculated as soon as 
we know 6 [equation (47) below], so that we first confine our atten- 
tion to this ratio. 
If h(S) is the abscissa of the maximum of 6(S,h), evidently 


hy (S) <h(S) <he(S). (7) 
Now h(S) is given as the root of the equation 
bs (S,h) = (S—h) f’(h) —f(h) =0. (8) 


Since certainly f(h) is positive or zero, and S must exceed h, it fol- 
lows that 


f[h(S)] > 0. 


Hence the maximum of ® occurs only along the ascending are of the 
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distribution curve f(h). Assuming f(h) itself to have only a single 
maximum, say at h = h,, , h(S) can never lie beyond this, and a for- 
tiovri h,(S) cannot. If, therefore, there is a finite value of S for which 
h(S) attains the value h,,, then this value of S represents an upper 
limit to the discriminable intensities, since for this and higher values 
of S equation (6) cannot be satisfied by any finite value of 6. 

It happens that this precise situation can occur only when the 
derivative, f' (i), is discontinuous at the maximum, for equation (8), 
or the equivalent equation 


S=h+f(h)/f(h), (9) 


shows that if f’ is continuous, then since it vanishes at h,,, S becomes 
infinite. In this case h(S) has the limit h,, as S becomes infinite. An 
analysis of (1) and (5) shows that as S becomes infinite both inequali- 
ties hold in (7), h,(S) and h.(S) having limits which are respectively 
less than and greater than h,,. Hence h.(S) must pass this upper limit 
of h,(S) for some finite S, and again equation (6) becomes impos- 
sible of fulfillment. 

In either of the above cases we need consider only the ascend- 
ing part of the graph of f(h). On the present scheme there is dem- 
onstrated the existence of an upper limit of discriminable intensities 
even when these intensities do not become injurious to the receptor 
organ or the peripheral neurons. 

Let us summarize. We are considering a theoretical “sifting” 
mechanism whereby two sufficiently different stimulus intensities, S$ 
and S(1 + 6), produce excitation in distinct, non-overlapping, sets 
of synapses. These synapses are reached by collateral fibers of vary- 
ing thresholds, all fibers of a given threshold h going to the same 
synapse s,. The sifting is effected by inter-synaptic inhibition. 
Various assumptions can be made concerning the nature and distribu- 
tion of the excitatory and inhibitory fibers involved, but for definite- 
ness (and sometimes analytical convenience!) we consider the fol- 
lowing case. If # is the gross, « the net excitation developed at synapse 
S, on application of stimulus intensity S , then 

(i) is given by (1); 

(ii) (S,h) and f(h) each has a single maximum inh ; 

(iii) the inhibitory fibers are described by (a), (b), and (c), 
above. From this, we find that there is a single excited interval from 
h, to h. varying with S, and that h, and h, are given by (5) and « 
by (3) and (4). We define the Weber ratio, 6, by (6) and find that 
it does not exist, and discrimination is not possible, for values of S 
that are too great. To this list we add the final assumption on which 
we base ensuing calculations. This is that 
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(iv) f£(h) is proportional to h over a suitable range, and hence 
with suitable units, 
6(S,h) =h(S—h). (10) 
Recall that the form of f(h) is immaterial beyond the maximum. 
2. Calculations. The graph of 6(S,h) is an inverted parabola 
with maximum at S/2. Hence h, and h, are equidistant from S/2. 
Define the “relative interval’, x, by 


Sx2=S—2h,=2h,—S. (11) 
Thus 
2 —, 
#(S,hh) = 0(5,h,) =O) | (12) 
*ha Sy (Q___ m2 
| wae. (13) 
hy = 
Then equation (5) becomes 
24Se2°+3279—3=0. (14) 
If we set 
u=2i18/3, (15) 
we obtain 
uxeto2?—1=0. (16) 


On differentiating (16) we obtain 
da/du=—x?/(B3ux+2). (17) 
Descartes’ rule of signs shows that equation (16) has only a sin- 


gle positive root. From (17) we see that this root is monotonically de- 
creasing in w. An examination of (16) shows further that 


0<“<1l (18) 


and that x = 1foru=0,and2=0foru= o. 
We find that hi(S) and h.(S) are monotonically increasing in S , 
or, what is the same thing, in uw, if we differentiate and apply (17): 


d(jh,)/du = 8{1—a+ux?/(R3ux+2)]/4, 
d(Ah.)/du = 8[1 + 4—u2x?/(Bux+ 2)]/4. (19) 


The first of these derivatives is evidently positive because of (18) ; 
the second is seen to be positive as soon as the expression is combined 
over a common denominator. Furthermore the length of the excited 
interval, he h, , is increasing as we can see when we subtract the 
first of (19) from the second and combine over a common denomina- 
tor. 
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To calculate 6 we employ (6). Let x and u be the values of x and 
u corresponding to S(1 + 6). Then 


u=u(1+ 4), (20) 


x= (6—-x)/(6+1), (21) 
the latter equation coming from (6), (11), (15) and (20) after sim- 
ple transformations. Now x must satisfy (16) when x is replaced by 
u. If we set 


d=atez (22) 
we obtain easily 
uz?—2(x+1)2e— (x+1)?=0. (23) 


Then equations (16), (22) and (23) together define the Weber ra- 
tio d. 

Now equation (23) has only one positive root, and z = 0 for 
u= 0,2 = o foru = 0. Hence for very small and for very large 
values of wu, z is decreasing. We shall show that z decreases for all u. 
This accomplished, it will be evident that 6 is decreasing. 

The Weber ratio 5 decreases as u increases, and hence as § in 
creases. 

To show this we calculate 


(3 uz? — 22% —2)dz/dut 2 
+2(zta+1)2?7/(8ur+2) =0. (24) 


The derivative and its coefficient must have opposite signs, since the 
remaining terms in this equation are all positive. For small w and for 
large u this coefficient is therefore positive. If we can show that equa- 
tions (23) and 


3uz?—2x—2=0 (25) 


have no common positive root, then we shall be assured that the left 
member of (25) remains positive for all positive wu. 

This can be shown by computing the resultant which is, inciden- 
tally, the discriminant of (23). This, except for a constant factor, 
and factors u and x + 1, is 


32 — 27 u(x-+1). (26) 


But where this vanishes the equations (23) and (25) have only the 
negative root — 8/(9u) in common. This proves the assertion. 

Equations (16) and (23) can be solved by standard methods. 
These solutions are most conveniently written in the form 
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w=u(x+1). (29) 


However, for large values of uw it is much more convenient to use the 
pewer series expansion about 1/u = 0. 

We shall give the expansions about u = 0 and about 1/u = 0. 
The determination of these is quite straightforward, so that the de- 
tails of the computation need not be given here. If 


t= Vu, t= Wi/u, (30) 
these expansions are as follows: 
x=1—u/2+ 5 u?/8 — u3 + 231 ut/128 —7wW/2+---, (31) 


z= 2/t+1/2—7t/16 + 271 t8/1024 + 8 t#/16-'----, (32) 

§ = 2/t+3/2—7 t/16 — t2/2 + 271 t/1024-+ 13 t/16+---, 
(33) 

2 =1— 21/34 3/9 —8 17/814 47°/81+---, (34) 


2=1+47°/3+ 13/9 — : 

28 74/81 + 7°/9 + 112 1°/729 +---- , (35) 
6= 21+ 4727/3 —2 13/9 — 

28 74/81 + 2 15/9 + 112 1°/729 +----. 

(36) 


Still a further expansion is convenient in place of (35). 
pus = wo? + 2 w?/3 —8 w/81 + 16 w?/243-+---, 
| o? = 1/w. (37) 


Domains of convergence of the above power series are obtained 
by locating the singular points of the equations (16) and (23). Again 
omitting some computations it turns out that 

the series (31), (32) and (33) converge for u < 2\/3/9; 

the series (34) converges for u >2\/3/9; 

the series (35) and (36) converge for 1/u > .46; 

the series (37) converges for w > 32/27. 

The first two propositions are based directly on formula (27) and the 
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last one on (28). Justification of the third proposition involves locat- 
ing the values of u for which w = 32/27. 
If the stimulus S is not peripheral, then S or wu will be some func- 
tion, say 
u=¢(R), (38) 


of the intensity R of the peripheral stimulus. It is to be supposed that 
¢(R) will be monotonically increasing in R and vanishing for some 
small positive value of R, the threshold of the peripheral neuron or 
chain of neurons. If ¢(F) is not linear it is usually assumed by Rash- 
evsky to have a negative second derivative, and to be representable 
by such a function as (9, p. 218). 


w= a (1 — ek) (39) 
or 
u= Blog + ; (40) 
The simplest supposition would be, however, that 
a = £(R —h), (41) 


which may be regarded as essentially equivalent to (39) when a is 
very small. In these equations h is the threshold of the single peri- 
pheral neuron. 


In either of these cases 6 is evidently not the true Weber ratio. 
Consider first the linear case. By a suitable choice of units we may 
write, in place of (41), the equation 


e= fh, (42) 
Then the true Weber ratio is 
D = (R—h)6/R =u6/(u+h). (43) 


Near u = 0 we have 


e ts 
u/(u-+-h) =F Ft )=p—p + (44) 
so that, by (33), 
D = (24+. 3#/2+..-.)/h. (45) 


Hence D vanishes at u = 0. However, when w is large in comparison 
with h, the coefficient of 6 in (43) approaches unity. Thus D, in- 
stead of decreasing from infinity, increases at first from zero to some 
maximum and then decreases and becomes indistinguishable from 6. 
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In the general case (38), suppose that 
R= y(u) (46) 
is the result of solving for R. Then 


p[u(1+ 6)] = R(1+ D) = y(u) (1+ D), 





so that 
ylu(1+46)]—y(u) uo 
D= = ; dud), 0<6<1. 
pu) yay Sew), OSes 

(47) 

In the special case (40) this gives 
D=e“%8 —1, (48) 

and by (36), for large values of u, 
Devs , (49) 


Hence D, instead of decreasing for all values of the stimulus inten- 
sity as does 6 , may actually increase, given suitable relations between 
the peripheral stimulus R and the stimulus S or u acting upon the 
neurons here discussed. 

When, as is usually the case, the same external stimulus actually 
affects a number of peripheral neurons, still more complicated func- 
tions ¢(R) can be imagined. However, in the absence of information 
as to the form of the functions ¢(R), we shall continue to make the 
simplest possible assumption and suppose a simple proportionality to 
hold between Rand u. Hence we may regard 6 as approximating the 
true Weber ratio. 

3. Experimental verifications. We have already noted that the 
excited interval increases with u. We may suppose that some mini- 
mal length is required for the excitation to be transmissible beyond 
these synapses. Thus if ¢(R) has the form (41) and if h is small with 
respect to the value of R which excites an interval of this length, our 
assumption of strict proportionality will be essentially valid. | 

In this case of simple proportionality we may write simply S = R. 
Then from equation (15) defining u, and the equations (16) and (23) 
defining x and z, it is apparent that only a single parameter 4 is in- 
volved. Since this parameter enters only as a coefficient of u, if we 
graph 6 against log u we have only a single theoretical curve, and the 
problem of fitting experimental data becomes simply that of deter- 
mining the range of values of u over which the points are distributed 
and discrimination is possible. At this point it should be recalled 
that the theoretical curve here presented is obtained from the assump- 
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tion that the distribution function f(h) in equation (1) is linear, 
The two proportionality assumptions for f(h) and for ¢(F) can cer- 
tainly be regarded only as first approximations to the true forms of 
these functions. 

Visual, acoustical and tactual data were selected from the exist- 
ing literature and graphed. The “selections” were made as follows, 
From the classical data of Kénig and Brodhun (4), those for white 
light,for 430uu , for 575uu, and for 670uu were graphed, for Ko6nig’s 
eye and for Brodhun’s separately. The choice of wave length was to 
take both extremes and a mean. No attempt has yet been made to 
graph the data for the cther wave lengths. These graphs are given 
in Figs. 1 and 2. It will be noted that the most serious discrepancies 
arise for 670uu. 

K6énig and Brodhun, in making their measurements, present both 
stimuli simultaneously, side by side. Macdonald and Allen (5) criti- 
cize this procedure and carry out their experiments, for three distinct 
wave lengths, with the stimuli presented alternately. They find when 
they graph the discrimina] difference, our R D , against the intensity, 
R, that the points lie on segments of straight lines, giving the rela- 
tion 

RD=aR-b, 


holding over each of several (2, 3 and 4 for the different wave 
lengths) distinct ranges of values of R. 

The graphs of D against log R are not given here as _ calculated 
from these data. Evidently the rectilinear relations are obscured by 
such a graphing. It turns out that two of the graphs give fits which 
are quite as satisfactory as with the Kénig and Brodhun data, where- 
as with the third, D is everywhere increasing. This is quite anomal- 
ous, being displayed by none of the other data so far seen by this 
writer. Nevertheless, on the basis of the mechanism being discussed, 
it can be understood as indicating a greater variation from linearity 
of f(h), (FR) or both. 

No additional visual data have been examined. 

From the auditory data, Riesz’s (11) and Knudsen’s (3) curves 
were considered, but the attempt was made to fit only Riesz’s curves 
to the theory. The general similarity between the curves of Riesz and 
Knudsen is quite evident. Unfortunately Riesz fails to tabulate his 
data, and gives only the graphs. Consequently Riesz’s experimental 
points had to be determined by measurement from his graphs. For 
this reason smooth curves are given in our graphs of these data in- 
stead of actual experimental points which are not known. Four curves 
were thus reproduced and fitted, representing both extremes and two 
means in pitch (Figs. 3 and 4). 
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The only set of tactual data at hand is that of Macdonald and 
Robertson (7), given in Fig. 5. 

Among the curves given here the deviation from theory seems to 
occur, in general, in a particular way. Initially the drop in the meas- 
ured discriminal ratio exceeds the theoretical, while for higher inten- 
sities this ratio is somewhat larger than the theory predicts and re- 
mains more nearly constant, as with audition, or even has a slight up- 
turn, as in some of the visual curves. The auditory curve of Macdon- 
ald and Allen (6), not given here, has too rapid a fall throughout. 
This type of deviation seems to indicate a deviation of the dis- 
tribution function f(h) from linearity, and cannot be removed by 
using a non-linear function ¢(R). A non-linear ¢(R) may also ac- 
count for the upturn at the end as we can easily see from equation 
(49). This is intuitively evident, since if ¢(R) has a decreasing de- 
rivative, then as soon as it begins to deviate sensibly from a linear 
approximation, a greater increase in the peripheral stimulus RF will 
be needed to bring about a given increase in the central stimulus 
S = ¢(R). Hence D, the true Weber ratio, increases with respect to 
6. To indicate this possibility, some of the theoretical curves (Figs. 
1 and 2) have been broken off and continued as upturning dotted 
curves, drawn from qualitative considerations, but not from actual 
calculations based on any particular function ¢(R). 

Naturally the physical and chemical properties of the sense-or- 
gan will have their effect in causing the experimental curves to differ 
among themselves. Thus Culler’s thermal data (1) show a more rapid 
descent than is indicated by the theory here presented. However, if, 
as Nafe suggests (8, p. 1056), the organs of thermal sensation are 
the blood vessels, then the more complicated mode of reception might 
lead to curves of a somewhat different character from those of the 
other senses. Nevertheless, even these data yield curves which are 
qualitatively similar to the ones given here. 
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THE MULTIPLE FACTOR THEORY IN TERMS 
OF COMMON ELEMENTS 


GERTRUDE M. Cox 
Iowa State College 


With the mechanism of common elements we designed numer- 
ous sets of variates correlated with each other in a known manner 
and also correlated with the primary and specific factors in the same 
predetermined fashion. To the correlations from theoretical popula- 
tions, and also from experimental samples, Thurstone’s centroid 
method of factoring was applied. The resulting centroid co-ordi- 
nates were rotated to yield the test vectors. These vectors were close 
approximations to the theoretical and sample correlations. 


This investigation was designed to clarify certain features of the 
multiple factor theory by giving a more definite conception of correla- 
tions and primary factors in terms of common elements. A method 
which gives a definite pattern of the correlations of the variates with 
certain primary traits was derived from the concept of correlation 
as the result of common elements in the concomitant variates. The 
relationships are set up so that all of the inter-correlations are known, 
together with the correlations between the tests and the several fac- 
tors. By applying the standard methods of factoring, it is easy to de- 
termine the fidelity with which the known relations are evaluated. 

The idea that the correlation between two variates results from 
common elements is not new.* The hypothesis to be discussed is made 
clear by a consideration of the manner in which two correlated vari- 
ates are constructed from common elements. Suppose, for example, 
that the elements entering into a pair of values, X and Y, are those 
listed in the first cell of Table 1. For X, we have the elements 4.8, 
5.6, 4.0, and 5.2, while for Y the elements are 4.8, 5.6, 4.0, 4.6, 5.2, 4.5, 


*Spearman, C. “The Proof and Measurement of Association Between Two 
Things,” American Journal of Psychology, 1904, 15, 72-101. 

Weldon, W. F. R. “Inheritance in Animals and Plants,” in Lectures on the 
Method of Science. Edited by T. B. Strong, Oxford: Clarendon Press, 1906. 

Brown, William. The Essentials of Mental Measurement, Cambridge: The 
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4 Random Elements in Common,” The Annals of Mathematical Statistics, 1938, 

, 103-126. 
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TABLE 1 
Computation of 15 values of X and Y 
showing the common elements 
2 = + 2 + = FF ££ FY 
48 4.8 5.38 5.3 6.5 6.5 20 9230 45 4.5 
5.6 5.6 4.2 4.2 6A Oa 3.7 3.7 562 52 
4.0 4.0 Se Me oy | 5.6 5.6 4.5 4.5 48 4.8 
5.2 4.6 4.1 5.7 4.1 6.1 5.6 5.7 5.1 5.1 
5.2 7.0 5.6 3.6 4.6 
4.5 4.0 3.3 4.2 4.5 
3.3 4.7 5.9 4.5 6.0 
4.5 5.6 3.4 5.4 5.3 
5.3 5.2 5.7 3.5 4.2 
19.6 41.8 18.7 46.8 223 482 16.7 38.0 19.6 44.2 
x Y xX y X Y Xx y X Y 
5.8 5.8 5.6 5.6 6.7 6.7 4.5 4.5 45 4.5 
6.1 6.1 49 49 “i | 49 4.9 4.5 4.5 
68 6.8 49 4.9 43 4.3 5.5 65.5 63 6.3 
4.9 5.9 Se ‘he 4.3 5.8 4.8 6.1 3.9 5.7 
5.8 4.4 fe | 5.3 4.9 
5.4 6.6 5.8 5.4 7.0 
4.3 3.5 4.1 5.9 5.4 
3.6 4.6 5.1 5.9 + 4 
5.3 6.6 5.5 4.4 4.1 
23.6 49.0 22.2 45.8 18.0 466 19.7 47.9 19.2 46.6 
X Y x Y X y X Y Xx ¥ 
5.1 5.1 5.1 5.1 i P| 49 49 41 4.1 
3.2 3.2 5.3 5.3 45 4.5 5.5 5.5 2.5 2.5 
3.1 3.1 4.7 4.7 52 62 ise 6 ote 49 4.9 
7.0 5.1 5.4 4.9 5.1 2.7 5.9 6.4 5.3 3.0 
5.8 4.4 3.8 4.3 4.9 
4h 6.3 5.4 4.4 4.6 
4.9 2 6.0 5.5 5.4 
4.6 4.7 5.7 3.3 25 
5.1 5.5 6.2 5.9 5.9 
18.4 41.3 20. 45.1 21.9 466 286 47.5 168 37.8 





x Y 
19.6 41.8 
18.7 46.8 
22.3 48.2 
16.7 38.0 
19.6 44.2 
23.6 49.0 
22.2 45.8 
18.0 46.6 
19.7 47.9 
19.2 46.6 
18.4 41.3 
20.5 45.1 
21.9 46.6 
23.6 47.5 
16.8 37.8 

3 
‘—_——— 
V4°9 

r= .50 


3.3, 4.5, and 5.3. These numbers were drawn at random from a popu- 
lation of normal variates with mean five and standard deviation one. 
The sum of the four elements is 19.6, the value of X. The sum of the 
nine elements is 41.8, the value of Y. The elements 4.8, 5.6, and 4.0 
are common to X and Y , that is, their sum is part of each of the two 
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sums constituting the pair of values of the correlated variates X and 
Y. Throughout the rest of the table there are three elements common 
to every pair of values for X and Y. The italicized numbers are spe- 
cific elements, or elements peculiar to the variate. 

The formation of such pairs of X and Y values might be extended 
indefinitely. It can be proved that the resulting population of X’s is 
normally distributed with mean 20 and variance 4. The population of 
Y’s has a mean of 45 and a variance of 9. Further, it can be proved 
that the theoretical correlation between X and Y is given by 


ae 5 
Vv (4) (9) 


That is, under such circumstances the correlation coefficient is the 
ratio of the number of common elements to the geometric mean of 
the numbers of elements in the two correlated sums. 

Symbolically, the relationship may be represented thus: 


r= Nxy 
VNx Ny 
where Ny and Ny are the numbers of elements in X and Y, respec- 
tively, and Nyy the number of common elements. 
If Ny = Ny = N, then 
Nxy 


(pean ae 


N 


Since each of the uncorrelated elements has the variance 1, Y, 
being the sum of Ny such elements, has the variance Ny. The stand- 


ard deviation of Y is given by 





Sy — VNy e 
Therefore, the correlation formula may be written 
_ Nxy 
he 


From this it is evident that Nxy, the number of common elements, is 
also the mean product of the deviations of X and Y from their respec- 
tive means. 

With this mechanism of common elements, tests were designed 
to be correlated with each other in a predetermined manner. Such 
tests were correlated with both the primary and specific factors in 
the same predetermined fashion. To the correlations between each 
set of tests thus formed, we applied Thurstone’s methods of factor- 
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ing,* obtaining completely satisfactory verification of the theory. The 
determination of the factors is, of course, approximate. 

Let us consider a designed set of ten tests. Three abilities or pri- 
mary traits are postulated. The first trait is indicated as F; , having 
ten elements, the second trait as F, with six elements, and the third 
trait as F; with three elements. Table 2 gives the composition of the 


TABLE 2 


Design for Battery of Ten Tests, with 
Number of Primary and Specific Elements in Each Test 








Tests A B 











Cc | D E F G H | I | J 
a | | aid 
Primary | | 
Factor, F | | 
Specific FS, | FS, |FaSo |FSp| FS, | F,Sp | FiS¢ | FSy | FS, | FS, 
Factor, S | 
| 
| 


Number of | 
Elements 1010|;66 |35 |106| 65 | 33 |1038|] 64 |32 |68 



































Total | 
Elements 20 | 12 | 8 16 11 6 | 13 » |S 9 
S,,S,,--+,S, indicate the specific factors. Y4p = -0000 
10 
F,,F, and F, indicate the primary factors. a = .5590 
V 20°16 
F’, = 10 elements, F., = 6 elements, F, = 8 elements. 


ten tests. Test A is made up of the ten elements in primary factor 
one and of ten specific elements peculiar to test A , making a total of 
twenty elements in test A. Test B contains six elements in primary 
factor two along with six specific elements. Test D also contains the 
ten elements of primary factor one, but has its own six specific ele- 
ments. The correlation between test A and test D is, 

V (20) (16) 

Similarly, the correlation between test A and test G is, 


———— ae 
Vv (20) (13) 


*Thurstone, L. L. The Vectors of Mind, Chicago: The University of Chicago 
Press, 1935. 
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The correlation between test A and test B is zero since they have no 
elements in common. In the same manner all of the intercorrelations 
were computed. The correlations between the tests in this established 
population are noted by the italicized numbers in Table 3. 


TABLE 3 
Correlations Between the Tests in the Theoretical Population and in a 
Sample of 200 Test Values 





















































~ [= [= [= [= |» |o I= |» [§ 


p | c| p| es F G | # i 2 
eee | * 5590 -6202 
—1491; 0584)  .5579 or 0654 | .6858 |—.1592 | .0028 | —.1163 
ec 5222 5477 5TTh 
0518 _1720 | 5857 | .0867 |—.1086 | .5555 | .0342| .6318 
| | 4330 4743 
| | .1224 0778 8758 | .0893 | —.0417 | .5192 | —.1225 
| | | 6934 
| | |—.1545 | .1027 | .6677|—.1407 | .0828 | —.1819 
| | | 5721 6030 
| | | —.0385 |—.0798 | .4773 | —.0695 | .5868 
| l | 5477 
| | 0242 | —.0248 | .4658 | —.0729 
| | j 
| | | —.1307 | .0195 | —.1152 
| | | | | 6324 
| | | | | /—.0994 | .5690 
| | | | | | | —.0488 











*The upper (italicized) number is the correlation between the tests in the 
theoretical population, the lower number is the correlation from the sample. A 
blank means zero correlation. 


A sample was drawn to make up the same designed, set of tests. 
This was done by continuing the process indicated in Table 1 until we 
secured 200 sample values for each of the ten tests of Table 2. The 
sample correlations between the tests are given in Table 3 below the 
population correlations. The correlations between tests which have 
no population relation, as 743, have sample correlations which vary 
from —.1819 to +.1224 which are within the range of chance rela- 
tionships. These correlations average —.05. 

The correlations between the tests in the theoretical population 
as well as those in the sample were factored by Thurstone’s centroid 
method. The arbitrary co-ordinates thus secured are given in Table 
4. These two sets of co-ordinates account for the intercorrelations of 
Table 8. The third factor residual coefficients were all less than .05. 
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TABLE 4 


Communalities of Tests and Arbitrary Centroid Co-ordinates of Points Which 
Represent the Theoretical and Sample Test Values 






































Centroid co-ordinates Communalities 
Tests x y Zz h2 

Population A 4066 —.6272 .0272 5594 
Sample .5149 —.6080 .0548 .6378 
B 5027 3187 4171 3282 
—.5566 —.2500 —.4978 .6201 
C 8122 1985 —.5210 4083 
.8980 .2105 —.5210 4742 
D 4397 —.6819 —.03814 6593 
-5738 —.5445 —.0650 .6300 
E 5198 8817 4327 674 
—.5403 —.2989 —.3533 .5061 
F 8453 222 —.5822 5076 
.8218 1779 —.4859 3713 
G 4585 —.7064 —.0095 7048 
.5247 —.6629 —.0055 .7148 
H 53888 S464 4501 6129 
—.5571 —.2560 —.3915 .5292 
I 8547 -2800 —.6014 5404 
.38609 .2610 —.5731 .5268 
I 5525 3589 4686 6537 
—.6194 —.3358 —.4102 | .6647 








The ten test vectors, for the population correlations, can be represent- 
ed as points on a sphere as shown in Figure 1. In handling actual 
data, the geometric representation of the test vectors is quite conveni- 
ent to help determine the reference axes which can be interpreted and 
which best explain the constellations. The primary factors can be 
considered in groups of two or three, thus keeping the results within 
the limits of geometric representation. 

In Table 4 are also listed the communalities or h? values. They 
are all less than one to correspond with the fact that each test, as de- 
signed, had a specific factor. On an average, about half of the ele- 
ments in these tests are common to other tests. 

As stated before, this battery of tests was designed with only 
three primary factors postulated, thus keeping the co-ordinates of the 
radial vectors of the ten points in three-dimensional space. In order 
to describe this set of vectors in terms of the primary traits postu- 
lated, the unique set of co-ordinate axes which represent the three 
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primary traits was solved. These co-ordinates were normalized, i. e., 
the sum of the squares of the co-ordinates for each primary trait was 
made equal to unity. The resulting direction cosines of the primary 
reference axes are given at the bottom of Table 5. The arbitrary cen- 
troid co-ordinates of Table 4 were transformed into the co-ordinates 
of the corresponding reference points of the new configuration, giving 
the test vectors listed in Table 5. These projections of the test vectors 





FIGURE 1 
Test vectors plotted in three dimensions. 


on the unit reference vectors F, , F., and F; give the correlations of 
the individual tests with the primary traits. The values below the 
population vectors, in italics, are the theoretical correlations, while 
those below the sample vectors are the sample correlations of the ele- 
ments in the primary traits with the total elements in the tests. The 
average amount of variation between the population vectors and the 
theoretical correlations is less than .02. The sample vectors have an 





66 PSYCHOMETRIKA 


TABLE 5 


Vectors and Correlations of Tests with the Three Primary Traits 












































Vectors 
es eo Sample 
Primary traits F, F, vs F, F, F, 
Test  *©& Be 80 —.02 —.06 
*71 a. 
B 00 .73 00 | —04 .79 09 
71 | 7 
c 00 00 64 | 01 —.02 68 
61 | -66 
D 81 —02 02 | 1728 —02 09 
79 | eA 
E .00 75 00 | 01 M1 «ng 
7h 78 
F 00 00 .71 | 00 02 61 
ae 67 
G 84 00 00 | 86 04 —.03 
88 89 
H 00 178 00 | —08 .72 .00 
we 7h 
I 00 00 .74 | —06 00 .73 
77 76 
J 00 81 00 | 01 .82 —.04 
82 83 





Direction cosines of primary reference vectors 








Population Sample 

F, F, r. F, Yr. r. 

a 5401-6878 ~—~«.4819 4861 —.6077 4179 

y —.8415 4405 8151 —.9110 —.5359 3798 

z —.0006 5769 —.8177 | —.0068 —.6346 —.8391 

; : 10 
*Theoretical correlation from Table 2. tra ———_ — 71. 
V 10°20 


{ Sample correlation of elements in primary trait with total elements in test. 


average deviation of .03 from the sample correlation of the elements 
in the primary traits with the total elements in the tests. As shown, 
these vectors are close approximations to the theoretical and sample 
correlations. 

As a second experiment, six tests were added to the designed bat- 
tery of tests as given in Table 2. Each additional test was made up of 
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the elements of two of the primary traits along with specific elements. 
For example, test K contained F, + F, + Sx. For this new battery 
of sixteen variates, all of the theoretical and sample correlations were 
solved. The tables of correlations were factored, giving the arbitrary 
centroid co-ordinates of the tests. We transformed the arbitrary co- 
ordinates to the new system of primary reference axes. The plot for 
this battery of tests is shown in Figure 1. The first ten tests are those 
which were used in the first illustration, while the six added tests fall 
between the constellations formed by the original ten tests. Test K 
falls between F, and F, because it contains the primary traits F', and 
F,. This investigation shows that the primary traits that define a 
test in one battery are identical with the primary traits which define 
it in a second battery of tests providing the two batteries contain the 
same common and primary factors, this configuration being unaf- 
fected by the presence of other tests. 

If the tests in one constellation have no elements common to the 
tests in a second constellation, the cosine of the angle of separation 
will be one. As the cosine of the angle between two vectors decreases 
the correlation between the tests increases. The designed set of tests 
in Table 2 gives an orthogonal configuration since the three primary 
trait constellations are not correlated. As a third experiment, a bat- 
tery of tests was designed having the primary trait, fF, , common to 
all the tests while the primary traits F,, F;, and F', were in groups 
of tests. In this article “common factor” is used to designate elements 
that are in all the tests in the battery, while “primary factor” is used 
for elements that are in two or more, but not all, of the tests. In this 
design, the common factor F,, contained only two elements while 
there were twenty elements in each test; that is, 10 per cent of the 
elements were common to all the tests. The correlation between the 
tests owing to primary trait F', was 


2 


~ (20) (20) 


rT, 


The cosines of the angles of the system determined by the pri- 
mary traits F,, F;, and F, are equal to .97, .97, and .96. In our first 
designed set of tests, the cosines of the angles of separation between 
the constellations in the sample primary reference vectors were .97, 
.97, and .99. Thus, with two elements common to tests of twenty ele- 
ments, the cosines of the angles vary little beyond what might be ex- 
pected from sampling. After the experiment just described, a fourth 
battery of tests having twelve common elements was designed. Each 
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test contained 30 elements, or there were 40 per cent of the elements 
common to every test. 


"e\7, * _. = 40 
V (30) (30) 


The cosines of the angles of the system determined by the primary 
traits averaged .74. If the cosines are less than one, the system is 
oblique, that is, the traits are correlated or have common elements. 
The resulting projections of the test vectors on the reference vectors 
are the correlations of the tests with factors which are composed of 
the primary traits plus the common trait. 


Summary 


To the correlations between designed sets of tests, Thurstone’s 
centroid method of factoring was applied. The resulting test vectors 
were close approximations to the theoretical and sample correlations. 

The correlations of the individual tests with the primary traits 
secured by factoring had an average deviation of .02 from their theo- 
retical population correlations. 

The sample vectors had an average deviation of .03 from the 
sample correlations of the elements in the primary traits with the to- 
tal elements in the tests. 

The primary traits that define a test in one battery are identical 
with the primary traits which define it in a second battery of tests, 
providing the two batteries contain the same common and primary 
factors. 

If the cosines of the angies of the primary trait system are less 
than one, the system is oblique, that is, the traits are correlated or 
have a common element. The resulting vectors are the correlations 
of the tests with factors which are composed of the primary traits 
plus the common trait. 
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RASHEVSKY, NICOLAS. Mathematical Biophysics. Physicomathematical Foundations 
of Biology. Chicago: The University of Chicago Press, 1938. $4.00. 


A REVIEW 


At various times, biological problems have been treated mathematically. 
Helmholtz applied mathematics to physiological optics, Nernst gave a theory of 
nervous conduction, Fischer and Braune analyzed the action of skeletal muscles. 
Other and more recent examples could be cited to strengthen the evidence that an 
increasing number of authors devoted themselves to mathematical biophysics. 

Rashevsky’s book promises to become a conspicuous landmark in this develop- 
ment. The book presents first and foremost an account of the author’s own work 
in the field of theoretical biology, without, however, neglecting the contributions 
of others whenever they are relevant to the discussion. In two directions the book 
breaks entirely new ground, while in another field it contributes an important 
new development. Trained originally in mathematics and physics, Rashevsky has 
for many years been engaged in the application of these disciplines to biology. 
The investigations on which the text is based have been carried out by Rashevsky 
almost single-handedly. 

In spite of its clear and fluent diction, the book is not easy reading. Integral 
equations are used frequently, and other methods, such as vector analysis or finite 
difference equations are occasionally resorted to. The reviewer is not a trained 
mathematician; he has to be content to admire with resignation the ease and ele- 
gance with which the mathematical tools are handled. Although held together by 
the common bond of mathematics, the three parts of the book concern nonethe- 
less three different branches of science. The first part, “Mathematical Biophysics 
of the Vegetative Cell,” should primarily be scrutinized by the morphologist, al- 
though the physiologist and chemist, too, might do well to study it. The second 
part, “Mathematical Biophysics of Excitation and Conduction in Peripheral 
Nerves,” ig mainly addressed to the physiologist. The third, “Mathematical Bio- 
physics of the Central Nervous System,” is of special interest to the psychologist 
and neuroanatomist. 

The biophysics of the vegetative cell deals, broadly speaking, with the prob- 
lems of form. It takes up almost one half of the book. Starting from no other 
premises than that there are metabolic gradients within the living cell, the diffu- 
sion flow of the metabolites and the forces they exert are analyzed. Estimates of 
their numerical values are given and their influence on the size of the cell is dis- 
cussed. Under certain conditions the cell may become unstable. This leads to the 
problem of cell division and, finally, of gastrulation. For a spherical cell, an 
exact mathematical theory is given in some length. A “cruder” method which 
does not require the assumptions of an exactly spherical cell is given in an ap- 
pendix. Binding together chemistry and morphology, Rashevsky’s theory appears 
to the reviewer not only of great importance but also of great beauty. However, 
this first chapter is probably of less interest to the psychologist than the other two. 

In the second, shortest part the theories of nervous excitation and conduc- 
tion are discussed. Hill’s and Blair’s work is given much consideration. A pre- 
sentation of Rashevsky’s two-factor theory based on the assumption of the exis- 
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tence of both an excitatory and an inhibitory substance in the nerve fiber brings 
this part to a close. ‘ 

The discussion on the biophysics of the central nervous system is again based 
on a few fundamental assumptions, and deduces several observed phenomena from 
them. The fundamental assumptions or postulates are of two kinds: they con- 
cern the mechanism of interneuronic excitation and inhibition, and they concern 
the geometrical pattern in which the neurons are arranged. 

The mechanism proposed is that suggested by Adrian’s work on peripheral 
receptors: “A continuous stimulus sets off a volley of impulses. The stronger the 
stimulus, the higher the frequency of the sequence of the impulses.” Most of the 
subsequent discussion is based on the hypothesis that the intensity of excitation E 
is within a certain range approximately proportional to the intensity of the 
stimulus J. The equations flowing from different assumptions about the relation 
of E and IJ are, however, also deduced. It is further assumed that the functioning 
elements in the central nervous system are either exciting or inhibiting ones. 

On this basis the mechanism of central excitation and inhibition and some 
psychological experiences are analyzed. After a short preparatory chapter on 
“Hysteresis,” a discussion of the closed chains of neurons follows and it is shown 
how a constant (“spontaneous”) nervous activity may be the only stable state 
of such chains. 

It is only in the subsequent chapters that definite assumptions are introduced 
about the geometric pattern in which the neurons are arranged. In fact, these 
discussions may be said to revolve around the problem of the simplest geometrical 
pattern of neurons which will account for the observed phenomena. It is impos- 
sible, however, to explain these patterns in a short review without actually re- 
producing Rashevsky’s diagrams. The first problem taken up is that of conditioned 
reflexes. Into the neuron pattern assumed here, closed chains are introduced in 
such a way that they become excited only when both unconditioned and condition- 
ing impulses play on them. After a short chapter on the “Discrimination of Re- 
lations,” the problem of “Gestalt transposition” is taken up. The discussion is 
based on optic Gestalten. All the neurons involved here are assumed to be beyond 
the “central retina,” i.e., beyond those cells upon which the incoming optic im- 
pulses impinge. They are located, in other words, in the cortex but do not re- 
ceive fibers from the optic radiation. Assuming comparatively simple arrange- 
ments of inhibitory and excitatory neurons, it is shown how only neurons lying 
on a “contour” will become excited and thus lead to a perception of Gestalt. 
From a hypothesis about the pathways from these neurons to still another level 
the invariance of Gestalt as well as the ability to discriminate size is deduced. 
At first sight these deductions may appear to lead to a bewildering complication 
of “centers.” However, isolated destruction of such functions by injuries to the 
brain has been repeatedly observed. An excellent review of the pertinent litera- 
ture has been given some years ago by Kliiver.* A theory of delayed reflexes de- 
veloped by Rashevsky some time ago is outlined. “Rational Learning and Think- 
ing,” the subject of the next chapter, is the only topic of the third part discussed 
without higher mathematics. A short outline of future problems relating to the 
behavior of the individual and to the interaction of individuals concludes the book. 

The book contains numerous diagrams. Some of those in the third part are 
a little bewildering to the reviewer since synaptic connections are indicated by 
using a point for the end of an afferent fiber and a fork for the beginning of the 


* Kliiver, Heinrich. Visual Disturbances after Cerebral Lesions. The Psycho- 
logical Bulletin, 1937, 24, 316-358. 
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second neuron, contrary to the general use of anatomical books. There is a very 
detailed index filling almost twenty pages and representing a vast amount of 
painstaking labor. Citations of literature are given at the end of each chapter. 
Because of its psychological implications the contents of the third part have 
been given at somewhat greater length. It is undoubtedly the most ambitious 
part of Rashevsky’s work, but at the same time it will probably be considered 
the most controversial. It is, for example, somewhat unsatisfactory that differ- 
ent patterns of neurons are postulated for different phenomena such as condi- 
tioned reflexes and Gestalt phenomena. It would be unfair, of course, to expect 
a complete theory emerging like Pallas Athena from the head of Zeus; rather it 
is an added attraction to point to further problems. Thus the book should stimulate 
discussion in various directions, by no means only along the lines the last chapter 
indicates. In point of fact, one of the most interesting problems it raises is prob- 
ably that of the fundamental postulates required for a theory of the central ner- 


: vous system. There appear to be two ways to attack this problem. One is that 


chosen by Rashevsky, namely, to start from the properties of the single neuron, 
and to proceed to interneuronic activity and to higher activities of the brain. 
Rashevsky assumes the existence of both excitatory and inhibitory “elements” in 
the nervous system, and he evidently supposes inhibition and excitation to be im- 
mutable qualities inherent in a given element. But the existence of separate 
excitatory and inhibitory neurons within the brain has recently been doubted by 
many physiologists, and efforts have been made to explain central inhibition as 
a consequence of the nature and the geometrical relations of the neuron (summa- 
tion of subnormal threshhold in closed chains) or of the timing in a multiple 
chain of neurons. A theory deducing central inhibition from postulates concern- 
ing synaptic conduction may prove more difficult than Rashevsky’s, or else may 
leave large parts of it intact. In any case, the experimental evidence brought for- 
ward, for example, by Lorente de N6,* renders a detailed discussion desirable. 
There may, on the other hand, be an entirely different road towards a theory of 
the central nervous system. One may not start from the simplest unit, but rather 
from the integral processes in the nervous system. That point of departure would 
be given by the central problem of the Gestalt psychology, which Kéhler} once 
called the ‘“‘Wertheimer problem,” namely by the quest “for such physical Gestal- 
ten which can exist in the nervous system and which show the properties of phe- 
nomenal Gestalten.” Since the anatomical structures determine the physical Ges- 
talten, this quest would have to start from assumptions about the “geometrical 
pattern” in which the neurons are arranged. Proceeding in the manner sketched 
by Kohler, the theory should lead to integral equations determining certain mathe- 
matical functions which describe interneuronic activity. It would probably re- 
quire special investigations to discuss the connection between assumptions about 
interneuronic activity and about the geometrical pattern of the neurons. In brief, 
a biophysical theory of the central nervous system may play much the same 
role for a theory of the brain as the axiomatic method played in geometry. 

In all these discussions it should be kept in mind — and Rashevsky points 
this out repeatedly — that the conceptions developed by a mathematical theory 
are, at any rate, when they are born, possible explanations but not necessarily 
the only correct ones. It probably requires decennia of further painstaking ex- 


* Lorente de N6, R. “Analysis of the S07 24d of the Chains of Internuncial 


Neurons,” Jour. Neurophysiol., 1988, 1, 2 
+Kohler, W. Die physischen Gestalten in Ruhe und im stationa’ren Zustand. 


Erlangen. 1919. (See esp. p. 174). 











72 PSYCHOMETRIKA 


perimental proofs and of continued mathematical work before theories attain the 
status of “truths.” 

This leads to a last remark. It may be objected from some quarters that any 
mathematical theory of the central nervous system is bound to depict the brain 
as nothing but a huge and complicated reflex machine, following strictly the law 
of causality, and to lead straight to a narrow and barren materialism. In another 
context the case has been succinctly expressed by Whitehead: “(The) problem is 
how can there be originality? And the answer explains how the soul need be no 
more original than a stone.” It is well to keep in mind that any theory is after 
all immediately applicable only to the phenomena for which it was developed, that 
it is on this ground that particularly its quantitative consequences have to be 
verified or disproved. Within this field a mathematical theory constitutes the 
clearest and the most powerful logical instrument we possess — although unfor- 
tunately an instrument that can be handled only by experts. 

To scrutinize the metaphysical consequences of a theory is the business of 
the philosopher, not of the biologist or mathematician. Philosophy and mathe- 
matics are not incompatible, as is abundantly shown by modern developments. 

That biology stands badly in need of a more rigorous logical apparatus than 
it has at present will probably be admitted by most competent scientists. Whether 
mathematics is equipped to render this service to biology as it did to the inorganic 
sciences cannot be affirmed or denied at present. Biolegy also may lead to mathe- 
matical developments at present impossible to foresee, just as many chapters of 
mathematics have received stimulation from physical sciences. It will take many 
generations before we have a theoretical biology comparable to theoretical 
physics. Rashevsky’s name will be among its founders. 

GERHARDT v. BONIN 
University of Illinois College 
of Medicine, Chicago. 
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Buros, Oscar K., Editor. The 1938 Mental Measurements Yearbook. New Bruns- 
wick, N. J.: Rutgers University Press, 1988. Pp. iv + 415. $3.00. 


A REVIEW 


In 1935 the School of Education of Rutgers University published the first of a 
series of annaul test bibliographies. To the 1936 issue, Educational, Psychological, 
and Personality Tests of 1936, there were added a bibliography of measurement 
books and a book-review-excerpt section. “Because of the warm reception given this 
book-review-excerpt section, the decision was made to expand the scope of the se- 
ries so as to include in this issue original reviews of standard tests, and a bibliog- 
raphy and book-review-excerpt section of statistical and research methodology 
books in all fields. Because of the enlarged scope of the volume, a more fitting 
title, The 1988 Mental Measurements Yearbook, was chosen.” 


This Yearbook includes “ . . . . practically all pencil-and-paper tests pub- 
lished as separates in the United States and the British Empire in 1937 and the 
first four months of 1988..... In addition to the 1937 and 1938 tests, numerous 


tests published in earlier years are included either because they were inadvertent- 
ly omitted from earlier bibliographies or because they were selected to be re- 
viewed.” 

The reviews of the tests constitute the most important feature of the 1938 
Yearbook. A series of critical comments on tests is, of course, no stronger nor 
more valuable than the individual comments themselves. It is amazing to this re- 
viewer to find in print so much fulsome praise heaped on tests, when in private 
conversations, these same tests are regarded as almost worthless. This is no 
reflection on Mr. Buros, who obviously attempted to secure as frank and evalua- 
tive comments as possible. What’s the matter with the critics — are they afraid 
of hurting someone’s feelings? 

As a result of sampling the reviews of some three dozen tests in a number of 
fields I find good critical comments in about sixty per cent, perfunctory remarks in 
thirty per cent, and definitely poor reviews in ten per cent. In general, the more 
reviews there were of a test the greater was the value of this service to the 
reader. The editor should continue to strive for at least two reviews of each test. 
The “Key to Classification of Tests” (pp. 9-13) should be revised because the phys- 
ical features of these pages render the search for a section difficult; it would also 
be advisable to add the page number of the section. I agree with Sandiford and 
Traxler, two of the many reviewers of the 1936 Yearbook, that good tests should 
be starred, and that a brief descriptive statement concerning each test should 
be included whenever the purpose of the test is not clearly indicated by its title. 

No one can read the section “Cooperative Test Reviewing” (pp. 4-7) without 
realizing the tremendous effort Mr. Buros has put into this book. Every psy- 
chologist will undoubtedly agree that the goal of the 1988 Yearbook is laudable; 
an auspicious start has already been made. Its value to us will depend on our 
efforts. Can we cooperate with Mr. Buros by contributing keen, fearless, cri- 
ticism? 

STANLEY G. DULSKY 
Institute for Juvenile Research 
Chicago 
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ANNOUNCEMENT 


STUDENT MEMBERSHIP AND SUBSCRIPTION 

It was voted at the September, 1937 meeting of the Psy- 
chometric Society to provide for student memberships, includ- 
ing a subscription to Psychometrika, at the rate of $3.00 per 
year. The regular rate for full membership is $5.00 per year. 
The student member has all the privileges of a full member 


of the Society, except the right to vote. A person may hold a 
student membership for not more than three years. Appli- 


cants must have their student status certified by a faculty 

member. Applications will be acted upon at the annual Sep- 

tember meetings of the Society. Pending such action, subscrip- 

tion to the journal will start upon payment of $3.00. 
Application blanks may be secured from 


ROBERT C. TRYON 

Chairman of the Membership Committee 
University of California 

Berkeley, California 
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CONSTITUTION OF THE PSYCHOMETRIC SOCIETY 
ARTICLE I 


Object 
The primary purpose of the Psychometric Society is to promote the develop- 
ment of psychology as a quantitative rational science. This concept of quantifica- 
tion involves the formulation of hypotheses in mathematical form, their develop- 
ment into a consistent quantitative psychological theory, and quantitative tests of 
the agreement between theory and experimental data. 


ARTICLE II 


Membership 

1. Members of the Society shall be persons who are interested in the de- 
velopment of psychology as a quantitative rational science and who, from their 
training and experience, give evidence of their ability to contribute either directly 
or indirectly to the objectives of the Society as set forth in Article I. 

2. Members shall be entitled to receive such printed matter and to partici- 
pate in such scientific meetings as the Society may direct. 

8. A membership may be terminated at any time by a majority vote of the 
Members at any Annual Meeting upon recommendation of the Council of Direc- 
tors after investigation. 

4, Members shall be elected by a majority vote of the members upon recom- 
mendation by the Membership Committee and nomination by the Council of Di- 
rectors. 

5. The Council of Directors shall have power to defer action upon such pro- 
posals for membership as it deems necessary, provided, however, that by the sec- 
ond Annual Meeting after the original request for membership it must decide 
either to present or not to present the nominee’s name to the Society. A proposal 
for membership cannot be renewed until one year has elapsed after the Council’s 
action upon it. 

6. A member shall be allowed to vote only if he has paid all his annual dues 
from the time of his election to membership. 


ARTICLE IIT 


Meetings 
1. The Annual Meeting of the Members of the Society shall be held at a 
time and place determined by the Society. 
2. Other meetings may be held upon call of the Executive Committee. 
8. A quorum shall consist of twenty Members in good standing. 


ARTICLE IV 


Council of Directors 
1. The Council of Directors shall consist of the President, the Secretary, the 
Treasurer, and six Directors chosen from the membership. Each of the Directors 
shall serve for a term of three consecutive years. Two of the Directors shall be 
elected each year, as provided in Section 2 of this article. The terms of all Di- 
rectors shall begin October first and shall expire September thirtieth. 


— 
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2. The Council of Directors shall nominate from the membership, by ma- 
jority vote, two or more candidates to replace the retiring Directors, and shall 
publish the names of the candidates in Psychometrika at least two months before 
the Annual Meeting of the Society. Nominations for each candidate, other than 
those nominated by the Council of Directors, may be made by a signed petition 
from ten or more Members of the Society. Such signed petitions must be received 
by the Secretary not less than thirty days prior to the day of the Annual Meeting. 

8. If only two candidates are nominated they shall be elected by viva voce 
vote at the next Annual Meeting. If more than two candidates are nominated the 
election shall be by preferential vote at the Annual Meeting. 

4. No person may serve two consecutive three-year terms as one of the six 
Directors. 

5. If any of the Directors be elected an Officer of the Society his term as 
Director automatically expires. The Council of Directors shall appoint a Mem- 
ber of the Society to fill the unexpired portion of any Directorship terminated be- 
fore the expiration of the three-year term. 

6. The Council of Directors shall exercise general supervision of the affairs 
of the Society, shall nominate new Members upon recommendation of the Mem- 
bership Committee, and shall make recommendations concerning the conduct of 
the Society which shall be brought before the Members of the Society at any duly 
constituted meeting. The Council of Directors shall have the power to make such 
contracts and to provide for the delivery of such instruments as shall be necessary 
for the carrying out of all purposes, functions and other business of the Society 
as shall be authorized by vote of the Members of the Society at any duly consti- 
tuted meeting, or as may be elsewhere provided by this Constitution. 

7. The President of the Society shall be Chairman ex officio of the Council 
of Directors, and the Secretary of the Society shall be Secretary ex officio of the 
Council of Directors. 


ARTICLE V 


Officers 

1. The officers of the Society shall be: a President, a Secretary, and a Treas- 
urer. These officers shall constitute the Executive Committee. The terms of all 
officers shall begin October first and shall expire September thirtieth. 

2. All officers of the Society must be Members of the Society and also Mem- 
bers or Associates of the American Psychological Association. 

3. The President shall be elected for the term of one year, and shall not 
hold office for two successive terms. The Secretary and the Treasurer shall be 
elected for terms of three years each. 

4. The President shall be elected annually by the Society, a nominating and 
an election ballot being successively cast under the supervision of the Election 
Committee as provided in Article VI of this Constitution. Election shall be by 
means of a preferential voting system. 

5. The Secretary and the Treasurer shall be elected by a majority vote of 
the Members present at an Annual Meeting, upon nomination by the Council of 
Directors. 

6. It shall be the duty of the President to preside at all meetings of the 
Society, to act ex officio as Chairman of the Council of Directors, to countersign 
all contracts and other instruments of the Society except checks, to exercise gen- 
eral supervision over the affairs of the Society and to perform all such other 
duties incident to his office or required of him by vote of the Members of the 
Council of Directors at any duly constituted meeting. The first President of the 
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Society shall be the first Chairman of the Editorial Council and shall make such 
appointments as are necessary for carrying out the provisions of this Constitution. 

7. It shall be the duty of the Secretary to keep the records of all meetings 
of the Society and of the Council of Directors; to file and hold subject to call, and 
to arrange for the publication of such records, reports, and proceedings as are au- 
thorized by this Constitution, and also by vote of the Members or of the Council of 
Directors at any duly constituted meeting; to bring to the attention of the Council 
of Directors and the Society such matters as he deems necessary; to conduct the 
official correspondence of the Society and the Council of Directors; to have custody 
of such bonds as may be required to be filed by the Treasurer and such other em- 
ployees as shall be required by the Society to file a bond, holding these bonds sub- 
ject to the order and direction of the Society; to issue notices of meetings; to as- 
sume in the case of the death or incapacity of the President the duties of the 
President until such time as a successor is appointed by the Council of Directors or 
elected by the Members; to sign such checks or other drafts upon the funds of the 
Society as may be necessary in case of the death or incapacity of the Treasurer, 
and the Secretary is hereby authorized to sign such checks or drafts in such con- 
tingency; to execute or deliver on behalf of the Society by the Constitution, vote of 
the Members of the Society, or the Council of Directors; and in general to perform 
all such other duties as are incident to his office or as properly may be required of 
him by vote of the Members or the Council of Directors at any duly constituted 
meeting. In the absence of any specific provision of this Constitution to the con- 
trary, the Secretary shall have power and authority to represent the Society in the 
voting or other management of any stock held by the Society in any corporation or 
company; and in the event that the performance of such acts by the Secretary 
becomes impossible or inadvisable, by virtue of law or otherwise, the Secretary 
shall have the power to appoint any Member of the Society to act as duly au- 
thorized agent of the Society for the performance of said acts. 

8. It shall be the duty of the Treasurer to have custody of all funds, stocks, 
securities and to deposit the same in the name of the Society in such bank or 
banks as the Society or Council of Directors may direct; to have custody of all 
other property of the Society not otherwise expressly provided for by this Consti- 
tution and to hold same subject to the order and direction of the Society; to col- 
lect dues and other debts due the Society by all persons and organizations what- 
soever; and to execute or deliver any documents which he shall be directed to 
execute or deliver on behalf of the Society by the Constitution, vote of the Mem- 
bers, or the Council of Directors. He shall have the authority to sign checks and 
drafts on behalf of the Society for the disbursement of funds for the duly au- 
thorized purposes of the Society as provided by the Constitution, vote of the 
Members of the Society, or Council of Directors. He shall be bonded for an 
amount fixed by the Council of Directors, the bond to be filed with the Secretary. 
He shall, at all reasonable times, exhibit his books and accounts to any Member 
of the Society. He shall keep a full and complete record of all money received 
and all money paid out, and shall perform such other duties as may be reasonably 
required of him by vote of the Members of the Society at a duly constituted meet- 
ing, or by the Council of Directors 

9. In case of the death, disability, or resignation of any of the officers, the 
Council of Directors shall appoint a successor to serve until the next Annual 
Meeting of the Society. Vacancies existing at the time of an Annual Meeting 
shall be filled by vote of the Members at the meeting as provided by Sections 4 
and 5 of this article. 
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ARTICLE VI 


Elections 

1. The Secretary shall issue a call for nominating ballots for the nomina- 
tion of President at least five months before the Annual Meeting. The ballots 
shall be counted by the Election Committee at least four months before the An- 
nual Meeting. In case any nominee receives a majority of first choices on the 
nominating ballot he shall be declared elected. Otherwise the Election Committee 
shall send to all Members a ballot containing the names of not less than two nor 
more than five nominees receiving a large number of votes. This ballot shall con- 
tain two blank spaces in which names may be written. The votes shall be counted 
at least one month before the Annual Meeting, and the results announced at the 
Annual Meeting. 


ARTICLE VII 


Committees 

1. The Committees of the Society shall consist of such standing committees 
as may be provided in this Constitution and such special committees as may be 
established by vote of the Members or the Council of Directors, or as may be ap- 
pointed by the President. 

2. It shall be the duty of the Executive Committee to make the arrange- 
ments necessary for the Annual Meeting and for any other meetings which the 
Society may authorize; to bring to the attention of the Council of Directors any 
matters, not specifically provided for by this Constitution, requiring action by the 
Council; and to perform such other functions incident to the activity of the So- 
ciety as may be reasonably required of it. 

3. The Program Committee shall consist of three members, each of whom 
shall serve for three years. Each year, before two months shall have elapsed 
since the last Annual Meeting, the President shall appoint one member to the 
Committee to take the place of the retiring member. No member of the Commit- 
tee may serve for two successive terms. The members of the Committee shall be 
appointed by the President with the approval of the Council of Directors. The 
chairman of the Committee shall be the member who has served the longest. 

4. The Election Committee shall consist of three members, each of whom 
shall serve for three years. Each year, before two months shall have elapsed 
since the last Annual Meeting, the President shall appoint one member to the Com- 
mittee to take the place of the retiring member. The chairman of the Committee 
shall be the member who has served the longest. It shall be the duty of the Elec- 
tion Committee to conduct and supervise all elections of the Society. 

5. The Membership Committee shall consist of three members, each of whom 
shall serve for three years. Each year, before two months shall have elapsed 
since the last Annual Meeting, the President shall appoint one member to the 
Committee to take the place of the retiring member. The chairman of the Com- 
mittee shall be the member who has served the longest. It shall be the duty of 
the Membership Committee to invite persons qualified in the sense of Article II, 
Section 1, to apply for membership, to provide the necessary forms, and to recom- 
mend qualified persons for membership to the Council of Directors. 


ARTICLE VIII 


Publications 
1. The official publication of the Society shall be Psychometrika. 
2. The Society shall pay to the Psychometric Corporation ninety per cent 
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of the annual dues collected from the Members, in return for which it shall ac- 
cept for each Member a subscription to Psychometrika for that year. Such monies 
shall be payable to the Psychometric Corporation within three months after re- 
ceipt by the Society. 

8. The Society shall provide an Editorial Council for the publication of 
Psychometrika. 


ARTICLE IX 


Editorial Council 

1. The Editorial Council shall consist of a Chairman, two Editors, and a 
Managing Editor. Each year the Editorial Council shall appoint for a term of 
two years such members as it may desire to an Editorial Board which shall assist 
the Editorial Council in the publication of Psychometrika. 

2. The Chairman of the Editorial Council shall be appointed for a term of 
five years. The Editors and the Managing Editor shall each be appointed for a 
term of three years in a manner such that the term of one of these three expires 
each year. 

8. New members of the Editorial Council shall be appointed by a majority 
vote of the Council of Directors with the approval of the Psychometric Corpora- 


tion. 
ARTICLE X 


Annual Dues 

1. The annual dues for Members shall be five dollars a year, payable Janu- 
ary first of each year. Non-payment of dues for two consecutive years shall be 
considered equivalent to resignation from the Society. 

2. Any Member, upon payment of the dues prescribed by this article, shall 
receive Psychometrika without further charge, throughout that membership year 
to which the dues shall be applicable. 

8. New Members shall pay dues for the entire calendar year in which they 
are elected, and shall receive copies of Psychometrika for the entire year, if such 
copies are available. 


ARTICLE XI 


Scientific Programs 
1. The scientific programs of the Society shall be conducted and supervised 
by the Program Committee. This Committee shall have full power in the selec- 
tion and rejection of papers, for all scientific programs, provided that: 
2. When meetings are held jointly with other sucieties the program as a 
whole shall be subject to the approval of such societies. 


ARTICLE XII 


Amendments 
1. This Constitution may be amended by a vote of two-thirds of the Mem- 
bers present at any Annual Meeting or by a two-thirds vote of all Members re- 
sponding by vote to a mailed ballot, provided that: 
2. The proposed amendment shall have been previously approved by a three- 
fourths vote of the entire membership of the Council of Directors and the Edi- 
torial Council as a whole. 
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AMENDMENT I 


Student members of the Society shall be persons who are studying and pre- 
paring for professional development in line with the objectives of the Society, 
The student status of each applicant for this type of membership shall be certified 
annually by the registrar or by a faculty member of his college or university, 
Student members shall have all rights and privileges of the Society except those 
of voting and holding office. Under no circumstances shall the privilege of stu- 
dent membership be granted for a period exceeding three years The annual dues 
for student members shall be $3.00 a year, payable January 1 ef each year. 
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